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PREFACE 

-/\ 

The late G. H. Hardy once observed that there are few more “popular” 
subjects than mathematics. His contention is amply borne out by the uni- 
versal interest manifested in mathematical recreations for over 2000 years, 
ranging from the loculus of Archimedes and the talismen magic squares of 
the early Chinese to the cryptanalysis and topological recreations of modern 
times. One need only recall how testament problems, ferrying problems, 
coin problems, problems of pursuit and problems of arrangements Jiave 
come down through the ages, ever dressed anew, yet always the same old 
friends. Labyrinths, dissections, acrostics, tangrams, palindromes, and so 
on, are likewise virtually ageless. Hence it should occasion little surprise 
that an enormous body of literature has arisen in the last 300 years. 

It has been my purpose to gather a considerable part of this material 
between the covers of one book for the convenience of students and teach- 
ers, as well as laymen and specialists. The more than 2000 entries by no 
means represent a complete or exhaustive compilation. But enough has been 
given, I hop.e, to be of real help. I have tried to meet the needs of, almost 
any reader — the beginner, the, dilettante, the professional scholars Hence I 
have deliberately included some “popular” articles along with erudite and 
technical discussions; many contemporary and recent publications, as ^Vell 
as some of an earlier period; some that are readily accessible, and others 
that are to be found only in important libraries; most of them in English, 
some in French, German, and Italian; most of them significant, a few, some- 
what superficial. In this way, it is hoped, both the neophyte and the sophis- 
ticated authority will find what they need. 

•The task of organizing this material yielded a more or less arbitrary 
classification of mathematical recreations. Occasionally, where helpful, en- 
tries have been annotated; to have commented upon each item seemed quite 
unnecessary, and would in any event have been prohibitive. 

It would scarcely seem necessary to suggest how this guide may be used. 
To be sure, a number of entries listed under each of the more than 50 head- 
ings will not be available to the reader unless the facilities of a large library 
are at hand; yet there will almost surely be some that are accessible. In 
most instances the reader -will have little difficulty in selecting items per- 
taining to a given topic: he should be guided by the title of the book or 
article; by the annotation, if any; by the sort of periodical, whether scholarly, 
popular, professional, newsy, and so on; and, to some extent, by the length 
of an article. jNaturally, the reader’s purpose, as well as his familiarity with 
the subject, will loom large as factors in helping him select items to be 



consulted. Nor should he be deterred by references in a foreign language; 
after all, the mathematical symbols and geometric figures are essentially the 
same, so that even a moderate facility in French or German often suffices. 

This guide will serve as a place to begin to look for source materials. It 
will help the student pursuing his mathematical studies in high school or 
college; the mathematics club looking for program and project material; 
the teacher gathering human interest or motivation material; the more ad- 
vanced student engaged in research; the amateur mathematician or the 
proverbial layman happily engaged in that most delectable of all activities — 
a hobby or a recreation. 

May following these trails afford the reader as much pleasure as it has 
’been for me to map them out for him. 

— W. L. S. 



July 1954 



\ PREFACE TO THE SECOND EDITION 

In preparing the, new edition, certain topics of general interest have been 
included : mathematical models, mathematical instruments, the abacus* mathe- 
matics and philately* mathematics in nature. In all, more than 500 references 
have been added, sortie in nearly every section, thus filling in gaps and bring- 
ing the bibliography up to date. To make room for the new material, some 
old, inaccessible, or jess appropriate items had to be omitted; many 19th 
century works, items Ion number mysticism and numerology, Latin squares, 
“mathematical thinkiiig and invention,” “machines that think.” It is hoped 
that this edition will drove more useful to an even wider group of readers. 

I > — W. L. S. 

July 1957 



PREFACE TO THE TjHIRD EDITION 



A Supplement has been added, pages ,144-56, to bring this bibliography 
up-to-date. It contains a partial listing of books, pamphlets, and periodical 
references that have appeared during the years 1957-62 and which are par- 
ticularly significant and-jga dily access ible. 



-W.L.S. 



January 1963 
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Chapter 1 



A S early as 1612 the Frenchman Claude Gaspard Bachet de Meziriac 
published his Problemes plaisans et delec tables^ qui se font par les 
nombres; a second edition appeared in 1624. Iirthe same year, under 
the nom de plume of Van Etten, there appeared a volume entitled Recreations 
mathematiques , the author of which was the Jesuit Jean Leurechon, General 
interest in such books apparently increased, for this was followed in 1630 
by Claude Mydorge’s Examen du litre des recreations mathematiques et de 
ses problemes. In 1636, Daniel Schwenter’s Deliciae physicomathematical 
oder Mathematische und philosophische Erquickstunden appeared posthu- 
mously, and in the years 1641-42 the Italian Jesuit Mario Bettini issued the 
first two volumes of his Apiaria universae philosophiae mathematicae in 
quibus paradoxa et nova pleraque machinamenta exhibentur, to be followed 
in 1660 by a third volume under the title of Recreationum mathematiarum 
Apiaria XII novissima. On the heels of this came the Arithmetische Lust • 
garten of Johann Mohr, published in 1665. Thirty years later we have Wil- 
liam Leybourn’s Pleasure with Profit: Consisting of Recreations of Divers 
Kinds , viz.. Numerical, Geometrical, Mechanical, Statical, Astronomical, 
Horometrical, Cryptographical, ^Magnetical, Automatical, Chymical, and His- 
torical. 

At the very threshold of the 18th Century, in 1694, came Jacques Ozanam’s 
treatise on mathematical recreations: Recreations mathematiques et physiques. 
Ozanam may be regarded as the forerunner of modern books on mathemat- 
ical recreations. He drew heavily on the works of Bachet, Mydorge, and 
Leurechon; his own contributions were somewhat less significant. The work 
was later augmented and revised by Montucla, and still later rendered into 
English by Hutton, passing through many editions. 

In more recent times, a host of illustrious names come to mind: Robert 
Abraham, Walter Ahrens, W. W. Rouse Ball, H. S. M. Coxeter, H. E. Dude- 
ney, E. Fourrey, Royal V. Heath, G. Kowalewski, Maurice Kraitchik, Joseph 
Leeming, Walter Lietzmann, Edouard Lucas, Jerome Meyer, Geoffrey Mott- 
Smith, E. P. Northrop, Hubert Phillips, J. J. Proskauer, Hermann Schubert, 
Victor Thebault, Theodore Wolff, not to mention a score or more of others. 
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k 2 *' RECREATIONAL MATHEMATICS 

1.1 Early Twentieth Century Books — 1900-1924 

Ahrens, Walter. Altes und Neues aus der Unterhaltungsmathematik. Berlin: 
1918. • . » 

Ahrens, Walter. Mathematische Unterhaltungen und Spiele (2 Vol.). Leipzig: 
Teubner, 1910-1918. 

Extensive bibliography, Vol. 2, p. 375-431. 

Ahrens, Walter. Mathematiker-Anekdoteti. Leipzig-: Teubner, 1920. 

Ahrens, Walter. Scherz und Ernst in der Mathematik : Gefliigelte und unge- 
fliigelte Worte. Leipzig: 1904. 

Bachman, L. Das Schachspiel und seine historische Entwicklung. Leipzig: 1924. 

Ball, W. W. R. Recreations mathematiques et problemes des temps anciens et 
modernes (Trsn., J. Fitzpatrick). Paris: 1909-1926. 

Bischoff, Dr. Die Elemente der Kabbalah. 1913. 

Bischoff, Dr. Mystik und Magie der Zahlen. 1920. 

« 

Blyth, Will. Matchstick Magic. London: 1921. 

Collins, A. Frederick. Short Cuts in Figures. New York: Edward J. Clode, 1916. 

Czepa, A. Mathematische Spieler eien. Stuttgart: Union, Deutsche Verlagsanstalt, 
1915. 

Delens, Paul A. P. Problemes d'arithmetiques amusantes. Paris: Vuibert, 1914. 
164 p. 

Dudeney, H. E. Amusements in Mathematics. New York: Thomas Nelson & Sons, 
1917. 258 p. 

Dudeney, H. E. The World's Best Puzzles. Strand Magazine, 1908. 

Ernst, E. Mathematische Unterhaltungen. Ravensburg: 1911-12. 

t 

Evans, Henry R. The Old and the New Magic. Chicago: Open Court Publishing 
Co., 1909. \ 

Ferrol, Dr. Y.'Das neue Rechnungsverfahren. 1919. \ 

Fittinc, F. Schubert's “ Mathematische Mussestunden.” Berlin: 1924. 

Fourrey, E. Curiosites geometriques. Paris: Vuibert et Nohy, 1907, 1920. 431 p. 

Genau, A. Mathematische Uberraschungen. Arnsberg: 1913. 

Ghersi, I. Matematica dilettevole e curiosa: problemi curiosi e bizzari. Milano: 
1913. 748 p. | 

Hardenberc, Kuno v. Die Losung eines alten okulten Ratsels '. 1924. 

Harris, A. V., & Waldo, L. M. Number Games for Primary Grades. Chicago: 
Beckley-Cardy, 1917. 

Hellenbach, L. Die Magie der Zahlen. 1910. 

* 3 

Heraud, A. Jeux et recreations scientifiques. Paris: 1884-1903. 

Hulisch. Zahlenmagie. in Bezug auf das M enschliche Leben. 1910. 

Icnatiev, E. J. Mathematische Spiele, Rdtsel, und Erholun gen. Petersburg: 1903. 
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,, GENERAL WORKS 3 

Jones, Samuel I. Mathematical Puzzles. Denton, Texas: News Print, 1902. 76 p. 
A collection of the most amusing properties of numbers, and many of the 
most difficult mathematical problems with their answers. 

Kowalewski, Gerhard, W., If. Mathematica delectans; ausgewahlte Kapitel aus 
der Mathematik der Spiele in gemeinverstandlicher Darstellung. Leipzig: 
W. Engelmann, 1921. Heft 1. Boss-puzzle und verwandte Spiele. 

Lange, M. Das Schachspiel und seine strategischen Prinzipien. Leipzig: Teubner, 
1923. 

Lean, John U. Freaks of Figures. Detroit: Modern Methods Publishing Co., 
19 07. 

Lietzmann, Walter. Trugschliisse. Leipzig: Teubner, 1923. - 

List, G. Das Geheimnis der Runen. 1908. 

Lloyd, Sam. Cyclopedia of 5000 Puzzles, Tricks and Conundrums. New York: 
Morningside Press, Franklin Bigelow Corp., 1914. 

Lloyd, Sam. A Puzzle Book for Children. Philadelphia, Pa.: David McKay Co., 

1912. 

Maack, Ferdinand. Elias Artista Redivivus. 1913. 

Maack, Ferdinand. Die heilige Mathesis. 1924. 

Maack, Ferdinand. Raumschach. 1909. . 

Maennchen, P. Geheimnisse der Rechenkiinstler. Leipzig: Teubner, 1924. 

Malone, F. Mathematical Dexterities. St. Loui§ : 1906. 

Mittenzwey, L. Mathematische Kurzweil. 3rd edition; 6th edition. Leipzig: Klink- 
hardt, 1895, 1912. 

Neuhaus, 0. Rechenkiinste und Zahlenspiele. 1902. 

Peano, G. Giuochi di aritmetica. 1924. ' 

Pfaundler, L. Das chinesisch-japanische Go-Spiel. Leipzig: 1908, 

Rich, F. M. The Jolly Tinker. New York: D. Appleton & Co., 1923. 

Rilly, A. Le probleme du cavalier des echecs. 1906. 

Row, T. Sundara. Geometic Exercises in Paper -Folding. Madras, 1893. Revised 
edition, Chicago: Open Co.urt Publishing Co., 1901. 148 p. 

t 

- Schubert, Hermann. Mathematical Essays and Recreations. (Trans, by T. J. 
McCormack). Chicago: Open Court Publishing Co., 1910. 149 p. 

Sloa.ne, T. O’Conner. Rapid Arithmetic. New-Yorlc: Van Nostrand, 1922. 

Xeyssoneau, Ed. 100 recreations mathematiques. . . . Curiosites scientifiques. 
Paris: A. L. Guyot, 1904. 185 p.. 

Thompson,. J. E. and Sloane, T. O. Speed and Fun with Figures. New York: 
Van -Nostrand, 1922. 559 p. 4 

Weeks, Raymond. Boys' Own Arithmetic. New York: Dutfbn, 1924. 188 p. 

White, W. F. A Scrapbook of Elementary Mathematics ; Notes, Recreations, Es- 
says. Chicago: Open Court Publishing Co., 1908. 248 p. 

Wunsch, H. Unterhaltende Rechenst unden. Wien: Gerold, 1918. 
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RECREATIONAL MATHEMATICS 



1.2 Contemporary Books— From 1925 On 

Abbott, Edwin A. Flatland : A Romance of Many Dimensions. New York: Dover 
Publications, 1952. 103 p. 

Revised edition, after 70 years. 

Abraham, Robert M. Diversions and Pastimes : a Second Series of Winter 
Nights Entertainments. New York: Dutton, 1935. 153 p. 

Match and coin games'; knots and strings; fun with paper; conventional 
puzzles. 

Abraham, Robert M. Winter frights Entertainments. New York: Dutton, 1933. 

186 p. . ‘ ' 

Card and coin tricks; paper folding; match tricks; string games; knots. 

Adams, John Paul. Puzzles for Everybody. Neyir York: Avon Publishing Com- 
pany, 1951. 128 p» (Paper) 

Adler, Irving. Magic House of Numbers. New York: John Day, 1957. 128 p. 
Ahrens, Walter. Altes und Neues aus der Unterhaltungsmathematik. Berlin: 
1938. 

Well-known classic. 

Ahrens, Walter. Mathematische Spiele. Leipzig: Teubngr, 1927. 

Albuquerque, Irene de. Jogos e recreacoes matematicas. Rio de Janeiro. Con- 
\ quista, 1954. 

Bakst, Aaron. Mathematical Puzzles and Pastimes. New York: Van Nostrand, 
1954. 206 p. 

Bakst, Aaron. Mathematics, Its Magic and Mastery. New York: Van Nostrand, 
1952. 790 p. 

An interesting popular exposition, with much recreational material. 

Ball, W. W. R. and Coxeter, H. S. M. Mathematical Recreations and Essays. 
London: Macmillan, 1942. 418 p. 

The granddaddy of all modern books irr this field. Arithmetical and geo- 
metrical recreations; polyhedra; chessboard problems; magic squares; 
map-colouring;, unicursal problems; Kirkman’s school-girls problem; 
manipulate arrangements; duplication, trisection, and quadrature; cal- 
culating prodigies; cryptography and cryptanalysis. 

Beer, Fritz" Pseud. “Complexus.” Frohliches Kopfzerbrechen; 100 Aufgaben 
fiir scharfe Denker, mit einem Anhang: Losungen und Erlauterungen. Wien 
und Leipzig: M. Perles, 1934. 152 p. 

Boon Frederick C. Puzzle Papers in Arithmetic. London: G. Bell & Sons, 1937. 
64p. *“ 

Boucheny, G. Curiosites et recreations malhenyatiques. Paris: Larousse, 1941. 
147 p. 

Brandes, Louis G. Math Can Be Fun. Portland, Maine: J. Weston Walch, Pub- 
lisher, 1956. 200 p. 
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* .i 

Brown, Joseph C. Easy Tricks ivith Numbers. Pelham, N. Y.: J. C. Brown, 1943. 
48 p. (Pamphlet) 

Bruneau, A. Initiation a curiosites mathematiques. Paris: Nathan, 1939. 317 p. 

Caro, Victor Eduardo. Los numcros ; su historia, sus propicdades, sus mentiras 
y ver dades. Bogota: Editorial Minerva, s.a., 1937. 291 p. 

Carroll, Lewis. Symbolic Logic, Part /, Elementary. (4th edition, 1897, 240 p.) 

• Newtonyille, Mass.: E. C. Berkeley & Associates, 815 Washington St. Reprint, 
1955. ‘ V 

Contains Lewis Carroll’s inimitable and entertaining problems in symbolic 
logic. 

Clarke, L. Harwood. Fun ivith Figures. London: William Heinemann, Ltd., 

1954. 87. p. 

Collins, A. Frederick. Fun ivith Figures. New York: Appleton-Century, 1928. 
253 p. 

Congres International de Recreation Mathematique. Comptesjlendus du 
premier Congres. Bruxelles: Librairie du “Sphinx,” 1935. 131 p. ** 

» * ^ i , 

Congres International de Recreation Mathematique. Comptes-Rendus du 
deuxieme Congres. Bruxelles: Librairie du “Sphinx,” 1937- 103 p. 

Cuthbert, Wv R. Dctys for Da^es. Alhambra, California : the author, 1944. 31 p. 

Davis, Frederick. Fascinating Figure Puzzles. Burroughs Adding Machine Comt 
pany, 1933. (Pamphlet) * 

Degrazia, Joseph. Math Is Fun. New York: Gresham Press, 1948. Emerson 
Books, Inc., 1954. 159 p. / 

Assorted puzzles, chiefly arithmetical; problems of arrangement and 
manipulation ; cryptograms. 

Deming, A/G. Number Stories. Chicago: Beckley-Cardy, 1936. 

Doyle, Joseph A. Wizardry in Multiplication. Georgetown, S.C. : 1949. 28 p. 

Dudeney, H. E. The Canterbury Puzzles and Other Curious Problems. New York j 
& London: Thomas Nelson, 1908, 1949. 255 p. 

A distinguished collection by a Veteran puzzle expert. 

Dudeney, H. E. Modern Puzzles and How to Solve Them. London: C. A. Person, 
1926; New York, Stokes, 1926. 



Dudeney, H. E. Puzzles and Curious Problems. London: T. Nelson & Sons. 1932 

Dunham, David. Every Man a Millionaire. A Balloon Trip in the Mathematical 
Stratosphere of Social Relations. New York: Scripta Mathematica, 1937. 
97 p. 



EmdE; Dr. Palindrome and die Satorformel. 1925. 

Eperson, D. B. (editor). The Lewis Carroll Puzzle Book. Appeal Office, 97 Crane 
St., Salisbury, Wiltshire, England, 1948. 

Farrucia, Vincent. Sharpen Your Wits. London: Frederick Warne & Co., 1956 

Filipiak, Anthony. 100 Puzzles. New York: A. S. Barnes & Co., 1942. 120 p. 
Excellent collection of manipulative puzzles. 
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RECREATIONAL MATHEMATICS 



Fraser, Phyllis and Young, Edith. A Treasury of Games, Quizzes and Puzzles. 
New York: Grossett & Dunlap, 1947. 212 p. . 

Freeman, Mae and Freeman, Ira. Fun with Figures. New York: Random House, 

1946. 60 p. 

Simple discussion of common geometric figures such as the parabola, 
spirals, helix, screw threads, tangrams, and such. Attractive photographs. 

(The) Friday Night Book (a Jewish Miscellany). London: The Soncino Press, 
1933. 

Friend, J. Newton. Numbers: Fun and Facts. New York: Scribners, 1954. 208 p. 

Gardner, Martin. Fads and Fallacies. New York: Dover Publications, Inc., 1957. 

Gardner, Martin. Mathematics, Magic and Mystery. New York: Dover Publica- 
tions, Inc., 1956. 176 p. 

Gilles, William F. The Magic and Oddities of Numbers. New York: Vantage 
Press, 1953. 65 p. ' 

Gooda, W. G. (Comp.). Lloyd's Log Problem Book. London: Lloyd’s, 1944. 87 p. 

Graf, Ulrich. Kabarett der Mathematik; Zeichnungen von Maria-Erika Graf. 
Dresden: L. Ehlermann, 1943. 96 p. 

Grumette, Murray. Geometricks: .... Album of Puzzles. 12th revised edition. 
Brooklyn, N. Y.: Playcraft House, 143 East 16 St., Brooklyn, 1939. 

Contains 21 cardboard tile dissection puzzles and tangrams. 

Heald, Harriet V. Mathematical Puzzles. (Service Booklet #171). Washington 
Service Bureau, 1013 Thirteenth St., N. W., Washington, D. C.; 1941. 24 p. 
10<J. 

Heath, Royal Vale. Mathemagic. New York: Simon & Schuster, 1933; 138 p. 
Dover Publications, 1954. 126 p. 

Puzzles, tricks, and games with numbers for the parlor magician. 



Hirschberg, Arthur. Can Kwt Solve It? New York: Thomas Y. Crowell, 1926,' 
1932. 330 p. — - W 

HobsoN, E. W., et al. Squaring the Circle and Other Monographs. New York: 
Chelsea Publishing Co., 1953. 



Four well-known essays on problems of geo’metry: “Squaring the Circle,” 
by E. W. Hobson; “Ruler and Compass,” by H. P. Hudson; “The Theory 
and Construction of Non-Differentiable Functions,” by A. N. Singh, and 
“How T»Draw a Straight Line: A Lecture on Linkages,” by A. B. Kempe. 
^ An intrigbbgg, meaty little book. 

Hunter, J. A. H. Fun with Figures. Toronto : Oxford University Press, 1956. 160 p. 

Johnson, Hubert Rex. Recreational Exercises in Mathematics ; or, “A Sheet of 
Paper ” and Other Problems. Washington, D. C.: 1926. 204 p. 

Jones, S. I. Mathematical Clubs and Recreations. Nashville, Tenn.: S. I. Jones 
Co., 1122 Belvedere Drive, 1940. 256 p. 

Indispensable for mathematical club progra ( ms s \and activities. 
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Jones, S. I. Mathematical Nuts . Nashville, Tenn.: S. I. Jones Co., 1936. 352 p. 

A companion volume to Mathematical W Tinkles , contains material from 
trigonometry, analytics, calculus, and physics. 

Jones, S. I. Mathematical W rinkles. Nashville, Tenn.: S. I. Jones Co., 1930. 376 p. 

' f 

A handbook of problems and recreations; mensuration; fourth dimension; 
quotations; and such. 

June, W. M. Stunts with Numbers, Games, and Cards. Syracuse, N. Y. : the author, 
757 Ostrom Ave., 1937. 25tf (Pamphlet) 

Kaufman, Gerald L. The Book of Modern Puzzles. New York: Dover Publica- 
t tions, 1954. 188 p. (Paper) 

Kaufman* Gerald L. Geometric. Verse. New York: Beechhurst Press, 1948. 64 p. 
A unique collection of humorous verse. 

Kaufman, Gerald L. It's- About Time. Garden City, N. Y.: Heyday House, 1935. 

168 p. 

Kerst, Bruno. Mathematische Spiele. Berlin.: G. Grote’sche Verlagsbuchhandlung, 
1933. 90 p. , 

KinnairD, Clark (editor). Encyclopedia of Puzzles and/ Pastimes. New York: 
Grosset & Dunlap, 1946. 431 p. 

Contains some 2500 puzzles, many of them mathematical; includes crypto- 
graphs, dissected figures, knight’s tours, logics, mazes, magic squares, 
palindromes, and paradoxes, as well as the usual assortment of acrostics, 
anagrams, crossword puzzles, quizzes,, whodunits, and such. 

Kowalewski G. Alte und neue mathematische SpielUN+Eine Einfiihrung in die 
Unterhaltungsmathematik. Leipzig: Teubner, 1930. 145 p. 

Kowalewski, G. Boss Puzzle und verwandte Spiele. Leipzig: Kohler’s Anti- 
quarium, 1937. 

Kraitchik, Maurice. Mathematical Recreations. New York: W. Norton, 1942; 
Dover Publications, 1953. 328 p. 

A classic; for beginners and for experts; chess, bridge, roulette, Russian 
bank, dominoes, cryptograms, and such. 

Kraitchik, Maurice. La mathematiques des jeux, ou recreations mathematiques. 
Paris: Gauthier-Villars, 1900; Bruxelles: Stevens, 1930. 566 p. 

Kraitchik, Maurice, he probleme du cavalier aux echecs. Paris: Gauthier-Vil- 
lars, 1927. 96 p. 

Kraitchik, Maurice. Le Probleme des reines (2 parties). Bruxelles: 1926> 
Kurtzahn, T. Die Runen als Heilzeichen. 1925. 

' r 

Lee, Wallace W. Math Miracles. Durham, N.C.: Privately printed, the author, 
Box 105, 1950. 83 p. . 

IS 

Leeminc, Joseph. Fun with Paper. New York: Frederick Stokes, 1939. 

Leeming, Joseph. Fun ivith Puzzles; puzzles of every kind for everybody. . . . 
problems with coins, counters and matches, brain .twisters, mathematical 
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and number puzzles , pencil and paper problems, and such. Philadelphia and 
New York: Lippincott, 1936. 128 p. Comet Books Edition, 1949., p. 213. 
Author is a well-known writer with many hooks to his credit: fun with 
string, with paper, Tvirh magic, and such. 

Leeming, Joseph. Fun with String. New York: Frederick Stokes, 1940. 160 p. 

Leeming, Joseph. More Fun with -Puzzles. Philadelphia: Lippincott, 1947. 149 p. 

Leeming, Joseph. The Real Book about Magic. New York: Garden City Books, 
Garden City, N. Y. 1951. “Mathematical magic,” p. 58-68. 

Lehman, Max. Neue mathematische Spiele fur die Jugend: der geometrische 
Aufbau gleichsummiger Zahlenfiguren. Wiesbaden: Schellenberg, 1932. 

384 p. 

Leopold, Jules. At Ease ! 200' Hours of Fun and Entertainment. New York: Mc- 
Graw-Hill, 1943. ^ 

A varied collection of puzzles and stunts, games and gags — everything 
from mathematical twisters to tips on checker playing, from cryptograms 
to match tricks. 

t 

Leopold Jules. Check Your IF its! New York: McGraw-Hill, 1948. 

A collection of puzzles, brain teasers, number problems, tongue twisters, 
and other assorted enigmas. 

Licks, H. E. Recreations in*Mathematics. New York: Van Nostrand, 1917, 1929. 
155 p. 

Lietzmann, Walter. Lustiges und Merkiviirdiges von Zahlen und Formen. Bres- 
lau, F. Hirt, 1928; 7th ed., Gottingen: 1950. 307 p. 

Lietzmann, Walter. Riesen und Zwerge im Zahlenreich: Plaudereien fur kleine 
und grosse Freunde der Rechenkunst. Leipzig: Teubner, 1932. 

Number giants and pygmies, by a well-known writer on expository mathe- 
matics. 

Lietzmann, Walter. Wo steckt der Fehler? Mathematische Trugschliisse und 
Warnzeichen. Leipzig: Teubner, 1923, 1950. 182 p. 

Loflin, Z. L. and Heard, Ida Mae. Just for Fun. Lafayette, La.: Southwestern 
Louisiana Institute, the authors, 1948. 55 p. (Mimeo..) 

Longstreet, Julian. (Pseudonym). See Rulon, P. J. 

Lucey, Roger Martin. A Problem a Day. Harmondsworth, Middlesex, England: 
Penguin Books, 1937, 1952. 204 p. 

Lucey, Roger Martin. Problem Parade. London: John Gifford, Ltd., 1944. 134 p. 

Maack,. Ferdinand. Die Losung des Satorgeheimnisses. 1926. 

MacHuisdean, Hamish. Yesterday's Impossibilities. Glasgow: Fraser, Edward & 
' Co., 1943. 52 p. , 

MacMahon, (Major) P. A. New Mathematical Pastimes. Cambridge University 
Press, 1930. 116 p. 

Contains unique recreations related to repeating designs. ..ill 
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Mello e Souza, Julio Cesar de. O Homem que calculava ; romance. Rio de 
Janeiro: Conquista, 1954. 258 p. ^ 

Fiction; mathematical recreations. 

Mello e Souza, Julio Cesar de. Matemdtica diyertida e fabulosa; problemas 
curiosos, anedotas, recreates geometricas, frases celebres, erros disparates, 
entelequias, subtraqoes poeticas, imagens numencas, etc. Rio de Janeiro: 

G. Costa, 1942. 213 p. 

Menaker, Fred. How Smart Are You? Stimulating and Amusing Puzzles and 
Problems to Test Your Wits. New York: Sentinel Rooks, 1935. 63 p. 

Mennincer, Karl. Ali Baba und die 39 Kamele; ergbtzliche Ges ^ cht ™ von 
Zahlen und Menschen. Munchen und Berlin:^. Oldenbourg, 1941. 130 p. 

Merrill, Helen A.' Mathematical Excursions. Boston: Bruce Humphries, 1933. 

145 P- . c , 

Miscellaneous problems; mostly serious, i.e., illustrating significant mathe- 
matical ideas. 

Meyer, Jerome S. Fun with Mathematics. Cleveland & New York: World Pub- 
lishing Co., 1952. 176 P- o 

• Sophisticated and attractive; contains considerable new material. 

Meyer, Jerome S. Puzzle Paradise. New York: Crown Publishers, 1946. 126 p. 
Meyer, Jerome S. Puzzle Quiz and Stunt Fun. New York: Dover Publications, 
1956. 256 p. 

Milick, El. Montages mathematiques. Paris: Girard, Barrere et Thomas, 1947. 
Mitchell, Donald V.. Take the Sting Out of Mathematics. Seattle, Washington: 
the author, 12345 Sand Point Way, 1953. 

Mott-Smith, Geoffrey. Mathematical Puzzles for Beginners and Enthusiasts. 
Philadelphia: Dover Publications, Inc., 1955. 248 p. 

Unusually fine collection of mathematical recreations, well presented. 

Muller, Fritz. Warum? Frohliche Fragen zum Nachdenken, von Fritz Miiller- 
Partenkirchen. Leipzig: L. Staackmann, 1926. 160 p. 

Murray. History of Board Games, exclusive of Chess. Oxford University Press. 
Nordmann, A. B. One Hundred More Parlour Tricks and Problems. London: 
W. Gardner, Darton & Co., Ltd., 1927. 

Northrop, Eugene P. Riddles in Mathematics; a Book of Paradoxes. New York: 
Van Nostrand, 1944. 262 P- 

Paradoxes in arithmetic and geometry; algebraic and geometric fallacies; 
paradoxes of the infinite; paradoxes in probability; logical paradoxes; 
paradoxes in higher -mathematics. Sophisticated ; scholarly. 

Northrup, E. F. Pseud., Akad. Zero to Eighty. Princeton, N. J.: Scientific 
Publishing Co., 1937. 

Peet, H. E., and Clapp, F. L. Number Games and Stories. Boston: Houghton- 
Mifflin, 1930. 

Perelman, I. E. Recreational Arithmetic „ 6th edition. Leningrad: 1935. 176 p. 
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■ Perelman, I. E. Recreational Geometry. 5th edition. Leningrad: 1935. 300 p. 

Phillips, Hubert; Brush Up Your Wits. Philadelphia, Pa.: McKay, 1936. 116 p. 

PiyLLiPS, Hubert. Hubert Phillip's Heptameron; a Miscellany of Entertainment 
by Hubert Phillips. London: Eyre & Spottiswoode, 1945. 314 p. 

Phillips, Hubert. Question Time: An Omnibus of Problems for a Brainy Day. 
New York : Farrar & Rinehart, 1938*^265 p. 

Phillips, Hubert. The Week-end Problem~B(ft)k. Bloomsbury; Nonesuch Press, 
1933. 

Phillips, H.; Shovelton, S.; and G. Marshall. Caliban's Problem Book. Lon- 
■ don: T. De la Rue & Co., 1933. 330 p. 

Pollock, Saul. Mathematical Paradoxes and Recreations. Los Angeles, Calif.: 
American Association for the Advancement of Visual Instruction in Mathe- 
matics, 2512 S. Vermont Ave., 1937. 108 p. 

Ponton, D. Exercises on Stories about Mathematics Land. London & Toronto: 
J. M. Dent & Sons, 1927. 

Ponton, D. Stories about Mathematics Land. Books I & II. London & Toronto: 
J. M, Dent & Sons, 1922, 1927. 

Proskauer, J. Puzzles for Everyone. New York: Harper & Bros., 1944. 176 p. 

Rademacher, Hans. V on. Zahlcn und Figuren: Proben mathematischen Denkens 
fur Liebhaber der Mathematik; ausgewahlt und dargestellt ' von H. Rade- 
' macher und Otto Toplitz. Berlin: J. Springer, 1930. 164 p. 

Rademacher, Hans and Toeplitz, Otto. The Enjoyment of Mathematics. Prince- 
ton, N. J.: Princeton University Press, 1957. 204 p. 

Ransom, William R. One Hundred Mathematical Curiosities. Portland, Maine: 
J. Weston Walch, Publisher, Box 1075, 1955. 212 p. (Paper) 

Miscellaneous well-known mathematical paradoxes, puzzles, tricks, recrea- 
tions, and curiosities. 

Reichmann, W. J. The Fascination of Numbers. Oxford, England: Blackwell’s, 

-^,1957, 

Elementary number theory; digital roots and recurring decimals; magic 
squares; number (.curiosities^; pseudo-telepathy. 

r 

'Rithmetic of the Purest Kind: 200 Tricky Problems with Answers; Tricks of 
Figures That You Can Do, Combining Recreation ivith Education for Young 
and Old. New York: Emerson* Books, Inc., 1939. 27 p. (Pamphlet) 

Rohrbough, Lynn. Puzzle Craft; Plans for Making and Solving 40 Puzzles in 
Wire, Wood, and String. Delaware, Ohio: Cooperative Recreation Service, 
“Kit U,” 1930, 1932. 25 p. (Pamphlet) 

Interesting dissection and other manipulative recreations. 

Row, T. Sundara. Geometric Exercises in Paper Folding. Chicago: Open Court 
Publishing Co., 1941. 148 p. 

Rozsa, Peter. Das Spiel rnit dern Uncndlichen. Mat hematite fur Awssenstehende. 

(Translated from the Hungarian). 1955, (n. p.) 
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Rulo.n, P. J. Brain Teasers; or , Hurdles far the Mental Athlete. Boston: L. C. 
Pape & Co., 1932. 250 p. 

Sainte-Laguk, A, Aver des nomhres et des lignes. 2nd edition. Paris: Vuibert, 
1912. 358 p. ^ 

Sainte-Lague, A. Geometric de situation et jeux. Paris: Gauthier-Villars, 1930. 
75 p. 

Sample, Anna E. Fifty Number Games for Primary Children. Chicago: Beckley- 
Cardy, 1927. 

Sanford, Vera. The History and Significance of Certain Standard Problems of 
Algebra. New York: Teachers College, Columbia University, 1927. 102- p. 

Sauerhering, Dr. Paracaidas. 1929. 

Schubert, Hermann. Mathematische Mussestutulen. Eine Sammlung von Gedulds- 
piclen, Kunststiicken und Unterhaltungsaufgabcn mathematischer Natur. 3 
Vol. Leipzig: 1900; Berlin: 1935. 

Schuii, Fred. W onderlijke Problemen. Leerzaam Tijdverdrijf Door Puzzle en Spel. 
Zutphen, Netherlands: W. J. Thieme & Cie, 1945. 334 p. 

Amusing instruction through puzzles and play. 

Sloane, T. 0.; Thompson, J. E.; and Licks, H. E. Speed and Fun with Figures. 
New York: Van Nostrand, 1922, 1939. 

Smith, Arthur. The Game of Go. Rutland, Vt.: Charles E. Tuttle Co.. 1956. 
220 p. (Paper) 

Comprehensive treatment of the national game of Japan. 

Sparhawk, Norman P. Numbergrams. Boston: The Van Press, 27 Beach St., 
Boston, Mass. 1932. 50 p. 

Sperling, Walter. Denkspiele fiir kluge Kopfe ; knifflige Aufgaben aus der 
Mathematik, Arithmetik, Geometric, u.s.iv. Zurich: A. Muller, 1940. 270 p. 

Sperling, Walter. Kuriose Probleme der Arithmetik, Geometrie, Mathematik, 
Optik, Physik ; fiir grosse und kleine Denker. Berlin: Scherl, 1936. 95 p. 

Sphinx: A Magazine Devoted to Mathematical Recreations. 173 Ave. W. Church- 
ill, Brussels: Belgium. 9 Vol. 1931-1939. 

Steinhaus, Hugo. Mathematical Snapshots, New York: Oxford University Press, 
1950. 266 p. 

A unique collection of interesting mathematical facts, expository and 
recreational material. 

Storme, Peter and Stryfe, Paul. How To Torture Your Friends. New York: 
Simon & Schuster, j 1941. 170 p. 

Delightful assortment of brain twisters, puzzles, fallacies, tricks, quizzes, 
and quips, attractively presented. 

Strauss, Alfred. Deutsche Cabbala; Zahlcnmagie der Namen. Leipzig: 1929. 
79 p. 

Streiil, Simon. Frohliche Wissenschaft. Nuremberg: Willmy Verlag, 1941. 
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Stuyvaert, M. La Bosse des Mathematiques. Gaud: 
bant, 1927, 



Van Rysselberghe & RoitN 



Suess, Dr. The Omnibus Boners. New York: Viking Press, 1931. 

Thebault, Victor. Lcs Recreations, Mathematiques. (Parmi les Nombres Cu- 
rieux) . Paris: Gauthier-Villars. 1952. 297 p. 

Travers, James. Puzzling Posers. London: George Allen & Unwin, 1952. 80 p. 

The V & W Puzzle Omnibus. London: Vawser & Wiles, Ltd. n.d. 

Several small tracts bound in one; c. 1953. 

Vatriquant, S. Les Mathematiques Recreatives et VEnseignement. Bruxelles: 

Librairie du “Sphinx,” 1935. 

Ventress, H. E. Mathematical Puzzles and Problems. Washington Information 
Bureau, 1927. (Leaflet) 4 p. 

White, Wm. F. A Scrap-Book of Elementary Mathematics: Notes, Recreations, 

Essays. Chicago: Open Court Publishing Co., 1908, 1927; 4th edition, Lon- 
don: 1942. 248 p. 

Williams, W. T. and Savage, G. H. The Penguin Problems Book. New York: 

Penguin Books, 1940. 156 p. 

Collection of 100 provocative inferential and mathematical problems, and 

100 word problems (acrostics, anagrams, word squares, and such). 

Williams, W. T. and Savage, G. H. The Second Penguin Problems Book. New 

York: Penguin Books, 1944. 467 p. , 

Williams, W. T. and Savage, G. H. The Third Penguin Problems Book. London: 

Penguin Books, 1946. , \ 

Winter, Ferdinand. Das Spiel der 30 bunten Wiirjel. Leipzig: Teubner, 1934. 

Wolff, Theodor, Die lachelnde Sphinx; Von grossen und kleinen, von ersten und 
heiteren Problemen. Prag: Academia Verlagsbuchhandlung, 1937. 312 p. 



Wolff, Theodor. Vom lachenden Deirken; ein Buch von W undern und Pro- 
blemen. Berlin: A. Scherl g.m.b.h., 1931. 268 p. 

Wolff, Theodor. Der Wettlauj mit der Schildkrote; geldste und ungeloste 
Probleme. Berlin: A. Scherl g.m.b.h., 1929. 383 p. 

Wyatt, E. M. Puzzles in Wood. Milwaukee: Bruce Publishing Co., 1928. 64 p. 

Wylie, C. R., Jr. 101 Puzzles in Logic and Thought. New York: Dover Publica v - 
tions, Inc., 1957. 

ZeisS, Erwin. Zahlenzauber . Wien: Kommissionsverlag Rudolph Lechner & Sohn, 
1934. 62 p. 



1 .3 Periodical Literature 

Anning, Norman. New slants on olct problems. M. T. 45:474-75; 1952. 
Anning, Norman. Socrates teaches mathematics. S. S. M. 23:581-84; 1923. 
Bakst, Aaron. Magic of mathematics. Science Digest 10:34-38; 1941. 



I 







BBffiadfSSfiE&a; 



asssj&sasB 








GENERAL WORKS 



13 



Bakst, A. Recreational mathematics. M. T. 43:347, 416-17; 1950. 

Barkan, S. H. Puzzle instinct in teaching mathematics. Bulletin of High Points 
12:69-70; 1930. 

Barnes, A. Making mathematics interesting. M. T. 17:404-10; 1924. 

Bentley, Byron. Recreations for the mathematics club. M. T. 23:95-103; 1930. 

Bergen, M. C. Misplaced mathematical recreations. S. S. M. 39:766-68; 1939. 

Brandes, L. G. Math, can be fun: tricks, puzzles, wrinkles raise grades. Clearing 
House 25:75-79; October 1950. 

Brandes, L. G. Recreational mathematics as it may be used with secondary 
school pupils. 5. 5. M. 54:383-93; 1954. 

Brandes, L. G. Recreational mathematics for the mathematics classrooms of our 
secondary schools. S. S. M. 54: 617-27 ; 1954. 

Brandes, L. G. Recreational mathematics materials in the classroom. California 
J. of Secondary Education 28:51-55; January 1953. 

Brandes, L. G. Using recreational mathematics materials in the classroom. M. T. 
46:326-29, 336; 1953. 

•Brandes, L. G. Why use recreational mathematics in our secondary school mathe- 
matics classes? S. S. M. 54:289-93; 1954. 
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1946. Also, Am. M. Mo. 43:41; 1936. 
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30:626-34; 1930. 
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54:679; 1954. 

Vest, L. T. Modernize your algebra! Texas Outlook 14:49-50; 1931. 
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Wianko, F. H. Mathematical recreations. School (Secondary Edition) 27:677-81; 
1939. 

v 1.4 Mathematics Club Programs; Plays 

Adler, Irving.. F un with mathematics: an assembly program. M. T. 42:153-55; 
1949. 
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Adler, Irving. Theory and practice. M. T. 41:218-20; 1948. 
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Agnes, (Sister) Anne. Archimedeans. M. T. 47:366-67; 1954. 
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Walch, Publisher, P. O, Box 1075. 1957/ 190 p. 
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1916. ’ 7 

Hatton, M. Mathematics club. M. T. 20:39-45; 1927. 
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Ranucci, E. R. Mathematics and the assembly program. The New Jersey Mathe- 
matics Teacher 8:4-6; February 1952. 

Reed, Z. High school mathematics clubs. M. T. 18:341-63; 1925. 
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Mayor, J. R. Would contests and scholarships contribute to increased interest in 
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New York section of the Mathematical Association of America. M. T. 47:211- 
12; 1954. 

Walker, Helen. A mathematical contest. M. T. 20:274-79; 1927. 

Wiener, M. From interest to interest. M.T. 30:23-26; 1937. 
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j 1.7 Mathematical Models 
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Carnahan, Walter. Illustrating the conic sections. S. S. M. 45:313-14; 1945. 
Carnahan^ Walter.- A variable parabola demonstrator. M. T. 44:32; 1951. 

Caulfield, A. String Models of Certain Mathematical Configurations. Nashville, 
Tenn.: George Peabody College for Teachers, 1938. 

Unpublished Master’s thesis. 

Courant, Richard. Soap film experiments with minimal surfaces. Am. M. Mo. 
47:167-74; 1940. 
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135 p. 
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for Teachers, 1935. 
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S. S. M. 41:828-31; 1941. 
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' Kerst, B. Zur Verwendung der Dandelinschen Kugeln. Z. M.N. V. 49:265; 1918. 

Lipkin, E. Ein Modell zu den Satzen des.Ceva und Menelaus. Z. M. N. U. 52: 258; 

.1921. 

Macin, E. Bemerkung zu den Dandelinschen Kugeln. Z. M. N. U. 47:23; 1916. 

\ 

Olander, C. Model for visualizing the formula for the area of a circle. M. T. 48: 
245;’ 1955. 

Plasterer, E. Demonstration apparatus for the composition of two simple har- 
monic curves. S. S. M. 34:424-26; 1934. 

Platt, J. R. Models as aids in calculation. American Journal of Physics 13:53; 
1945. 
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Schuler. Leipzig: Quelle und Meyer, 1914. 
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Saupe, Ethel. Paper model for solid geometry. M. T. 49:185-86; 1956. 

Saupe, Ethel. Simple paper models for the conic sections. M. T. 48:42-44; 1955. 

Schacht, John. Models of loci. M.T. 47 : 546-49 ; 1954. 

Schilling Martin. Catalog mathematischer Modelle fur den hoheren mathe- 
matischen Unterricht. 7th edition. Leipzig: Verlagshandlung von Martin 
Schilling, 1911. 172 p. 

Very complete source of materials. 

Siegel, Johannes and Kressner, Hans-Edgar. Kugel-Klapp-Modelle. Leipzig: 
Martin Schilling Verlag, n.d. 16 p. 

Discussion of models of spherical triangles. 

“Soap Films Automatically Solve Problems in Higher Mathematics.” Life Maga- 
zine 12:118; March 16, 1942. 

Struyk, Adrian. Geometrical representation of the terms of certain series and 
their sums. S. S. M. 37:202-08'; 1937. 

Struyk, Adrian. Three folding models of polyhedra. M. T. 49:286-88; 1956. 

Whitman, E. A. The use of models while tfeaching triple integration. Am. M. Mo. 
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Dyck, Walther. Kutalog mathematischer und matliemutisch-physikalischer Mod- 
elle, Apparate und Instrumente. Munich: 1892. 430 p. Supplement, 1893, 
135 p. 
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1954. 
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jf-|»HE combined ages of Mary and Ann are 44 years, and Mary is twice 
I as old as Ann will be when Ann is three times as old as Mary was 
'* when Mary was three times as old as Ann. How old is Ann?” The 
question: How old is Ann?, has long since become a household byword; it 
is known to have been asked as early as 1789. 

Many of the popular puzzles and rec r eations wh ich fascin ate the multitude 
are mathematical in nature — and a large part of these Me arithmetical or 
algebraic. The range of subject matter, so to speak, oflthis large body of 
problems is truly amazing. In ancient and mediaeval times there were the 
ever-present problems of the cistern, the courier problems, the God-Greet-You 
problems, the lion-in-the-well problems, the time-of-day problems, and the 
testament problems. In mediaeval times* to be sure, emphasis shifted some- 
what toward commercial problems: interest and usury, discount, insurance, 
coinage, exchange, weights and measures, and related matters. 

• In modern times, many of these old problems reappear in new guise. Of 
course, some new ones have been added. Like women’s fashions, they ap- 
pear to be subject to whimsy and caprice. Twenty-five years ago, problems 
of 4he “engineer-fireman-brakeman” type were in vogue. In turn, there 
would seem to be a revival of interest in a succession of classics: the monkey 
and the coconuts; the bumble bee flying back and forth between the radiators 
of two approaching automobiles; the prolific bacteria and the half-filled jar; 
and so on and on. At the moment of writing, the public fancy has been 
regaled with the egg problem of Victorian New England: Three boys, A, B, 
and C, went to sell their eggs. A had 10 eggs, B had 30 eggs, and C had 50 
eggs. They each sold their eggs at the same rate, and received the same 
amount of money. How much did they sell their eggs for? No, it’s not im- 
possible. * 
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2.1 General Arithmetical Recreations 

Bakst, Aaron. How the number magician does it. Mathematics: Its Magic and 
Mastery. New York: .Van Nostrand, 1941. p. 150-57. 
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Fourrey, Emile. Recreations arithmetiques. 8th edition. Paris: Vuibert, 1947. 

261 p. 

“Fun yith Answers.” Newsweek 24:10+ ; November 4, 1944. 

“Fun with Figures.” Neivsweek 24:87+ ; October 28, 1944. 

“Games as Mathematical Problems.” Spectator (London) 111:132-33; 1913. 

Gardner, Martin. Mathematical games: a new kind of magic square with re- 
markable properties. Sci. Am. 196:138-42; January 1957. 

Ginsburg, Jekuthiel. Geometric progression as recurring series. Scrip. M. 21:303; 
1956. 
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Methuen, 1953. p. 100-16. 
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C. Rapid Calculation — Mental Arithmetic 

Bakst, Aaron. Mathematics: Its Magic and Mastery. New York: Van Nostrand, 
1941. “Rapid calculation,” p. 125-33. 
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C.P.A., 1942. 425 p. 

Lotka, A. Cube and fifth' roots by mental arithmetic. Scientific American Sup- 
plement 76:194-95; September 1913. 

Meyers, Lester. High Speed Mathematics. New York: Van Nostrand, > 1947. 

_554 p. I 

Deals chiefly with short cuts to increase the range of mental computations; 
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2,6 Perfect Numbers — Mersenne’s Numbers 

A number is said to be perfect if it equals the sum of all numbers that 
divide it except itself. Thus the first two perfect numbers are 6 and 28, since 
6 = 1 — 2 — {— 3, and 28 = 1 — j— 2 — j— 4 — j— T — j— 14. Euclid was able to 

prove that any number of the form 2 P_1 (2 P — 1) is a perfect number when- 
ever 2 p j — 1 is prime. Prime numbers of the form 2 P — 1 are known as 
Mersenne numbers. 

For upwards of 2000 years, only 12 perfect numbers were known, namely, 
those; for which the values of p in Euclid’s formula are 2, 3, 5, 7, 13, 17, 
19, 31J 61, 89, 107, and 127. In recent years, with the aid of high speed 
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9 





47 









r 



t 





ARITHMETICAL AND ALGEBRAIC RECREATIONS 

Thkbault, Victor. On numbers which terminate perfect squares, M. T. 47:348- 
49; 1954. 

Touch \un, Jacques. On prime numbers and perfect numbers. Scrip. M. 19:35- 
39; 1953. 

Uhler, II. S. First proof that the Mersenne number M.r, is composite. Proceed- 
ings, National Academy of Sciences 30:314-16; 1944. 

Uhler, H. 5. Full values of the first seventeen perfect numbers. Scrip. M. 20: 
240; 1954. 

Uhler, H. S. Note on the Mersenne numbers M® and Mw. Bulletin, American 
Mathematical Society 52:178; February 1946. 

Uhler, H. S. On Mersenne’s number M» and Lucas’s sequences. Bulletin, Amer- 
ican Mathematical Society 53:163-64; February 1947. 9 

Uhler, H. S. On Mersenne's number M«i and cognate data. Bulletin, American 
Mathematical Society 54:378-80; April 1948. 

Uhler, H. S. On the 16th and 17th perfect numbers. Scrip. M. 19:128-31; 1953.- 
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Dick, F. J. The King’s chamber and the geometry of the sphere. Am. M. Mo. 27: 
262-63; 1920. ' 

Dickson, L. E. History of the Theory of Numbers, Vol. I. Washin gton, D. C.: 

1919. p. 393-411. ~ 

Ginsburg, Jekuthiel. Fibonacci pleasantries. Scrip. M. 14:163-64; 1948. 

GinsHjrc, Jekuthiel. Summations. Scrip. M. 20:231; 1954. 

Summation of Fibonacci and Lucas series. 

Hambidge, J. Dynamic Symmetry. New Haven: 1920. p. 146-57. 

Heath, Royal V. Another Fibonacci curiosity. Scrip. M. 16:128; 1950. 

Heath, Royal V. Fibonacci congruences. Scrip. M. 15:91; 1949. 

Hoggatt, Vern. A type of periodicity for Fibonacci numbers. M. Mag. 28.139-42, 
1954-55. 

Jarden, Dov. Note on Fibonacci series. Scrip. M. 15;114; 1949. 

Jarden, Dov. Nullifying coefficients. Scrip. Af. 49:239-41; 1953. 

Discusses the Fibonacci counterparts of binomial coefficients; also, a 
Pascal triangle for Fibonacci sequences. 

Northrop, Eugene. Riddles in Mathematics. New York: Van Nostrand, 1944. 
“Fibonacci series,” p. 48-55. 

Plotnick, S. M. The sum of n terms of the Fibonacci series. Scrip. M. 9.197, 
1943.’ 

Raine, C. W. Factorization of Fibonacci numbers. Scrip. M. 17:142-43; 1951. 
Raine, G. W. Fibonacci equiareal triangles. Scrip. M. 20:96-98; 1954. 

Raine, C. W. Fibonacci numbers as generators. Scrip. M. 19:241; 1953. 

Raine, C. W. A Fibonacci solitaire game. Scrip. M. 19:190; 1953. 

Reichman, Raphael. A summation formula involving Fibonacci numbers. Scrip. 
M. 20:111-12; 1954. 

Robert, Harry C., Jr. The Fibonacci series. Duodecimal Bulletin 3:3-9; February 
1947. 










50 



RECREATIONAL MATHEMATICS 



r 



Robert, Harry C. Fibonacci series and reciprocals. The Duodecimal Bulletin 
10 : 11 . 

Rosenfeld, A. Fibonacci differences. Scrip. M. 15:241-42; 1949. 

Sanders, I. Sums of terms of the Fibonacci series. Scrip. M. 14:162; 1948. 
Schub, P. Minor Fibonacci curiosity. Scrip. M. 16:214; 1950. 

Schub, P. Recjprpcajs of Fibonacci numbers. Scrip. M. 17:97; 1951. 

Sebban, H. Problem No. '2809. Am. M. Mo. 28:329-30; 1921. 

Steinhaus, H. Mathematical Snapshots. New York: G. E. Stechert, 1938. p. 28. 
Struyk, Adrian. The Fibonacci numbers. S. S. M. 44:701-707; 1944. 

Subba Rao, K. 0n. summation formulae involving Fibonacci numbers. Scrip. M. 
21:214-17; 1955. 

Subba Rao, K. Some properties of Fibonacci numbers. Am. M. Mo. 60:680-84; 
1953. 

Subba Rao, K. Some properties of Fibonacci numbers. Scrip. M. 20:29; 1954. 

Umansky, H. L. Pythagorean triangles from Fibonacci numbers. Scrip. M. 18: 
163; 1952. 

Weaver, W. Lewis Carroll and a geometrical paradox. Am. M. Mo. 45:234-36; 
1938. 

Yarden, D. A bibliography of the Fibonacci sequence. Riveon Lematematika 
2:36-45; January 1948. 








Chapter 3 



(Zeorttetnic 

T his rather broad category includes not only geometric fallacies and para- 
doxes, optical illusions, dissections, tangrams, and geometric construc- 
tions, but also material on regular polygons and polyhedra, tessellations, 
linkages, aud the mechanical construction of mathematical curves. Such 
amusements often appeal to the eye-minded, and to those who are not par- 
ticularly intrigued by numerical or algebraic puzzles. 

Among some of the best known geometic fallacies are the alleged proofs 
that an obtuse angle equals a right angle; that every triangle is isosceles; 
that the length of part of a line equals the length of the whole line; and that 
the sum qf the lengths of two sides of a triangle equals the length of the 
third side. These and similar proofs rarely fail to intrigue high school 
pupils. 

As for optical illusions, the explanation generally hinges upon considera- 
tions of perspective, shading, disposition, and such, or upon purely psycho- 
logical considerations. Among the most widely known optical illusions are 
the two equal segments with reversed arrowheads; the “Which is taller, the 
policeman or the little boy?”; and the “How many cubes are there— six or 
seven?”. Optical illusions such as the last of these are the more tantalizing 
because they sometimes seem to “turn inside out” as you look at them. 

3.‘1 General Geometric Problems and Puzzles 

* 

Abbott, Edwin A. (A Square). Flatlandt a Romance of Many Dimensions. Bos- 
ton: Little, Brown & Co., 1928. 155 p. New York: Dover Publications, 1952. 

103 p. j 

A delightful, well-known little classic. / 

Anning, Norman. More about nedians. M. T. 44:310-11; 1951. 

Ball, W. W. R. and Coxeter, H. S. M. Mathematical Recreations and Essays. 
London: Macmillan, 1942. 

“Geometrical recreations.” Fallacies; dissections; tessellations; cyclotomy; 
chessboard problems, p. 76-128. . . : 

Bankoff, Leon. The Fibonacci arbelos. Scrip. M. 20:218; 1954. 

Bankofe, Leon. The golden arbelos. Scrip. M. 21:70-76; 1955. 

Baravalle, Herman. Dynamic circles. Scrip. M. 18 ;83-85 ; 1952. 

Beard, Robert S. A variation of the Apollonius problem. Scrip. M. 21:46-47 ; 1955. 
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Bernhart, Arthur. Curves of pursuit. Scrip. M. 20:125-41; 1954. 

Scholarly treatment; allusion to Zeno’s paradox, p. 125-26. 

Booth, A. L. A mathematical recreation — some angles of a right triangle. M. T. 
11:177-81; 1919. 

Brujsckel, Frank. Parallelograms with integer sides and diagonals. S. S. M. 56: 
'687-96; 1956. 

Court, N. A. Fagnano’s problem. Scrip. M. 18:95-96; 1952. 

Curtis, H. J. A note on the taxicab geometry. Am. M. Mo. 60:416-17 ; 1953. 
Dawson, T. R. Match-stick geometry. M. Gaz. 23:161-68; 1939. 

Doersching, Joan. Parallelograms with integral sides and integral diagonals. 
S. S. M. 56 : 156 ; 1956. 

Escott, E. B. Geometric puzzles. Open Court 21:502-505; 1907. 

Fourrey, E. Curiosites geometriques. Paris: Vuibert & Nony, 2nd edition, n.d.; 
3rd edition, 1920 ( ? ) . 431 p. 

Furstenberg, H. A geometrical curiosity. Scrip. M. 19:194; 1953. 

Gilman, R. L. What canbe hone^with a single setting of the compasses. Scrip. 
M. 5:68-69; 1938. 

Ginsburg, Jekuthiel. Graphs of linear congruences. Scrip. M. 13:106-13; 1947. 

Goormaghtigh, R. A geometrical curiosity. Scrip. M. 20:171; 1954. 

Grossman, Howard. Fun with lattice points. Scrip. M. 12:86-87, 160-61, 223-25, 
288-90; 1946. 

13:98-^02, 217-22; 1947. 

14:62-65, 157-62; 1948. 

15:79-81, 232-37; 1949. 

16:119-24, 207-12; 1950. 

17: 1951. 

18:298-300; 1952. 

20:203-04; 1954. , 

22:153-58; 1956. ’ 

Grossman, H. D., And Kramer D. A new matchgame. Am. M. Mo. 52:442-43; 
1945. 

Harris, I. Geometric recreations. S. S. M. 20:731-33; 1920. 

“Harvard University Student Makes Straightline Drawings.” Life , March 18, 1940. 
p. 43-44. ^ ' 

Henderson, Archibald. A classic problem in Euclidean geometry. Journal of the 
Elisha Mitchell Scientific Society 53:246-81; 1937. 

Proof of the proposition that if the internal bisectors of the base angles of 
a triangle are equal, the triangle is isosceles. 

Henderson, Archibald. The Lehmus-Steiner-Terquem problem in global survey. 
Scrip. M. 21:223-32; 1955. 

Hilbert, D. and Cohn-Vossen, S. Geometry and the Imagination. (A transla- 
* tion.of the classic Anschauliche Geometric.) New York: Chelsea Publishing 
Co., 1952. 358 p. 

Curves; surfaces; lattices; crystals; polyhedra; topology; and so on. 
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H. W. R. Solution of a geometric puzzle. M. Gaz. 28:31-32; 1944. 

Iyer, R. V. Intersecting magic lines. Scrip. M. 21:43; 1955. 

James, Glenn. Long-short lines. M. Ma-g. 29:254-56; 1956. 

Kasper, Louis. There is Fun in Geometry. New York: Fortuny’s, Publishers, 
1936. 135 p. 

Kempner, A. J. Geometry as an avocation. Am. M. Mo. 40:455-71; 1933. 

Kraitchik, Maurice. On certain rational cuboids. Scrip. M. 11:317-26; 1945. 

Kraitchik, Maurice. On the concurrence of the legs of equia'real triangles. Scrip. 

M. 11:178; 1945. 

Langford, C. D. Uses of a geometric puzzle. M. Gaz. 24:209-11; 1940. 
Langman, Harry. A disc puzzle. Scrip. M. 17:144-45; 1951. 

Langman, Harry. Polygons. Scrip. M. 19:79-80; 1953. 

Langman, Harry. Rotations. S'-rip. M. 15:93; 1949. 16:72; 1950. 

Madden, 0. A geometrical recreation. M. Gaz. 28:55; 1944. 

Carved wooden models. 

Menger, Karl. You Will Like Geometry. (A Guide Book for the Illinois Insti- 
tute of Technology Geometry Exhibition at the Museum of Science and In- 
dustry, Chicago, 111.). Chicago: the author, 1952. p. 34. 10#. 

An exceptionally appealing and suggestive booklet. 

Morris, Richard. The cyclic quadrilateral; a recreation. S. S. M. 24:296-300; 
1924. \ 

Mueller, C. H. Geometric Concepts. New York: Wiley, 1931. 

Nev. R. Mind. Geometrical magic. Scrip. M. 19:198-200; 1953. 

Nev. R. Mind. Mathematics on the chess-board. Scrip. M. 20:110; 1954. 

Brief note on the number of squares and rectangles visible on any square 
board of squares. 

Nev. R. Mind. A square within a square. Scrip. M. 19:270; 1953. 

Nev. R. Mind. Supremacy of obtuse-angled triangles. Scrip. M. 20:205; 1954. 

Nev. R. Mind. Too many? Scrip. M. 21:296-98; 1956. 

A paradox about packing layers, in a box. 

Rosen, Morris. Taxicab geometry. The Pentagon 15:4-14; 1955. 

Sainte-Lague, A. Geometric de situation et jeux. Paris: Gauthier-Villars, 1930. 
75 p. 

Satterly, John. The Morley triangle and other triangles. S. S. M. 55:685-701; 
1955. 

Satterly, John. The nedians of a plane triangle. M. T. 44:46-48; 1951. 

Shaw, James Byrnie. Kaleidoscopic rhythms. Scrip. M. 12:101-11 ; J£46. 

Stancliff, Fenton. Residue curves. Scrip. M. 13:114-15, 232-33; 1947. 

“Taxicab Geometry.” O. U. Math Letter (University of Oklahoma), Vol. 4, No. 2. 
December 1954. p. 3. 

“Testing Your Imagination.” Science Illustrated 2:32-33+; December 1947. 
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Thebault, Victor. The area of a triangle’ as a function of its sides. Scrip . M. 18. 
151-61; lfe 

Thebault, Victor. Curious squares. Scrip. M. 13:41-42; 1947. 

Thebault, Victor. Curvilinear and mixtilinear figures. Scrip. M. 19:69-77; 1953. 
Thebault, Victor. Geodesics. Scrip. M. 21:147-58; 1955. 

Thebault, Victor. Parmi les Belles Figures de la Geometrie dans VEspacc 
(Geometrie du Tetraedre). Paris, 1955. 288 p. 

Thebault, Victor. Recreational geometry.' Scrip. M. 15:82-88, 149-55; 1949. 18: 
151-61 ; ,1952. . - . ' . 

Thebault, Victor. Recreational geometf^lhe triangle. Scrip . M. 22:14-30, 97- 

105; 1956. , j- : i 

A collection of theorems and properties relating to the medians, angle- 

bisectors, angle-trisectors, etc., of a triangle. 

Thebault, Victor. Triangle horde de triangles isosceles semblables. M. Gaz. 24: 

111-12; 1940. 

Trimble, H. C. Signed areas applied to “recreations of geometry.” M. T. 40:3-7; 

1947. - 

VuiBERT, H. Les anaglyphes geometriques. 3rd edition. Paris: Librairie Vuibert, 
1912. 32 p. 

White, W. F. Geometric puzzles. Open Court 21:241*44; 1907. j 

WhitlocKj Louis. A stamp problem. Scrip. M. 21:92; 19^5. ; 

3.2 Geometric Fallacies — Optical Illusions 

Bakst, 'Aaron. The Mathematics of Seeing. Mathematics: Its Magic and Mastery. 

New York: Van Nostrand, 1941. p. 469-78. 

Ball, W. W. R. and Coxeter, H. S. M. Geometrical fallacies. Mathematical Rec- 
reations and Essays. London: Macmillan, 1942. p. 76-87. 

Beeler, N. F. and Branley, F. M. Experiments in Optical Illusion. New York: 
Crowell, 1951. 

Brandes, Louis G. An Introduction to Optical Illusions. Portland, Maine: J. 
Weston Walch, Publisher, P. O. Box 1075, 1957. $1.00. 

A collection of 25 striking drawings,— -common optical illusions. 

0 Brandes, Louis G. Optical illusions: a presentation for high school mathematics 
students. S. S. M. 54:557-66; 1954. 

Burmester, Ludwig. Theorie der geometrischoptischen Gestalttauschungen. Zeit- 
schrift fur Pyschologie u. Physiologie der Sinnesorgane i Leipzig: 41:321-48; 
1906. j : 

Carnahan, W. H. Note on the fallacy. M. T. 19:496-98; 1926. 

Gentile, K. Optische Tauschungen an Figuren in geometrisclien Lelubiichern. 
Z. M. N. U. 57 :3694- ; 1926. 

Halstead, G. B. Fallacies of geometry. Am M. Mo., Vol. 9. 1902. 
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Johnson, Wm. W. Proving h geometrical fallacy by trigonometry. S. S. M. 19:527- 
28:1919. " 

LercH, H. Irrefiihrung durch Anschauung. Z. M. N. U. 47:82+; 1916. 
Lietzmann, Walter. Wo stekt der Fehler? Z. M. N. U. 48:367; 1917. 

Lietzmann,. Walter. Optical illusions. Wo steckt der Fehler? Leipzig: Teubnef, 
1950. p. 15-25. 

Lipps, Theodor. Raumaesthetik und geometrisch-optische Tauschungen. Leipzig.: 
J. A. Barth, 1897. 

*3* 

Low, A. M. Optical illusions. Popular Scientific Recreations. New^York: Roy 
Publishers, n.d. p. 205-22. 

Matthews, R. Paradox in congruent triangles. S. S. M. 16:248-49; 1916.. 

Meyer, E/ Zu geometrisch-optischen Tauschungen. Z. M. N. U. 61:78-80; 1930. 

Meyer, Jerome. A two-inch line with a six-inch “perimeter.” Scrip. M. 7:156-57; 
1940. 

Northrop, Eugene. Geometric paradoxes and fallacies. Riddles in Mathematics. 
New York: Van Nostrand, 1944. p. 47-64, 97-116. 

“Optical Illusion.” S. §. M. 14:190; 1914. 

Weaver, W. Lewis Carroll and a geometrical paradox. Am. M. Mo. 45:234-36; 
1938. 

Willers, H. Geometrisch-optische Tauschungen in mathematischer Behandlung. 
Z. M.N. U. 60:499; 1929. 






3.3 Geometric Dissections — -Tangrams 

t 

Geometric dissection's, generally speaking, divide a given plane rectilinear 
figure by means of straight lines, into parts which can then b$ reassembled to 
form some other preassigned configuration. Many recreations are built around 
such dissections. Some very well-known dissections have been applied to the 
proof of the Pythagorean thfeorem. 

Tangrams go back to ancient times. They consist essentially of flfjt tiles or 
other pieces, usually seven in number, with definite shapes, such as a square, a 
rhombus, and five triangles. The idea -is to form picture figures by suitable 
arrangements of the tans, as the piecfis^were called. Although an Oriental recre- 
ation, it was also known to Archimedes. His elaborate tangram consisted of 14 
pieces, cut out of a rectangle whose length is twice its width — the “stomachion” 
of the Greeks and Romans. 



Ball, W. W. R. and Coxeter, H. S. M. Geometric dissections. Mathematical Recre- 
ations and Essays. London: Macmillan, 1942. j . 87-94. 

Brooks, R. L.; Smith, C. A. B.; Stone, A. H.; and Tutte, W. T. The Dissec- 
tion of rectangles into squares. Duke Mathematical Journal 7:312-40; 1940. 
Gives a solution of the problem: to divide a square into a number of 
smaller squares, no two of them equivalent. 
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“A Dissected Square.” M. Mag. 28:106-107; 1954. 

“Geometrical Proof of the Identity a~ ~ b‘ — ( a b ) (a ~~ b) ” Scrip. M. *11: 

172; 1945. 

Goldberc, Michael. Solution to Question E 401. Am. M. Mo. 47:570-71; 1940. 

Goldberg, Michael. The squaring of developable surfaces. Scrip. M. 18:17-24; 

. 1952. 

Grossman, Howard. Plane — and space — dissection, Scrip. M. 11:189-90; 1945. 

Grumette, Murray. Geometricks: An Album of Intellectual Time-Killers. Brook-* 
lyn, N. Y.: Playcraft* House, 1939. *, 

Collection of 21 dissection puzzles. 

Hartswick, F. G. The Tangram Book: Adventures of the Beautiful Princess in 
Triangle Land. New York: Simon & Schuster, 1925. 

Hoffmann, Prof. (A. J. LevJis). Puzzles Old and New. London: F. Warne & Co., 
1893. 394 p. 

Contains many dissection problems. 

Langford, C. D. Dissecting a regular pentagon. M. Gaz., Vol. 11, No. 333. October 
1956. 

Langman, Harry. Ai problem ip dissection. Scrip. M, 18:112; 1952. 

Langman, Harry. A simple cut-up. Scrip. M. 18:304; 1952. 

Langman, Harry. Squaring the double cross. Scrip. M. 16:271; 1950. 

Lindgren, H. Geometric dissections. Australian Mathematics Teacher, April 1951. 

MacCaulay, W. H. The dissection of rectilineal figures. Messenger of Mathe- 
matics 3:53; 1923. 

Mathematics Staff, University of Chicago. More new exercises in plane geometry. 
M. T. 50:330-39; 1957. 

Mathematics Staff, University of Chicago. More on the cutting of squares. M. T. 
49:442-54; 1956. 

f~ Mathematics Staff, University of Chicago. More on the cutting of squares. The 

Mathematics Student Journal, Vol. 3, No. 2, April 1956; Vol. 3, No. 3, Oc- 
tober 1956. . 

Mathematics Staff, University of Chicago. New exercises in plane geometry. M. T. 
50:125-35; 1957. j 

Dissections of squares and rectangles. 

Mathematics Staff, University of Chicago. On the transformation of any rectangle 
into a square. The Mathematics Student Journal, Vol. 4, No. £1957. 

Mathematics Staff, University of Chicago. A problem on the cutting of squares. 
M. T. 49:332-43; 1956. , 

Mathematics Staff, University of Chicago. Still more on the cutting of squares. 
M. T. 49:585-96; 1956. 

Mayer, Haverly. Testing with a tangram. M. T. 48:525-27; 1955. 

t:y 

Oldham, R. D. Old Archimedes leases the moderns. Neiv York Times Magazine, 
August 1926. p. 6-4- . / 
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“On Transforming a Hexagon into a Square.” The Mathematics Student Journal, 
Vol. 4, No. 2. May 1957. 

Sattf.rly, John. Meet Mr. Tau again. S. S. M. 57:150; 1957. 

Dissection of a regular pentagon. 

Smith, C. A. B., and Tutte, W. T, A class of self-dual maps. 'Canadian Journal 
of Mathematics 2:179-96; 1950. 

Spracue, R. fiber die Zerlegung von Rechtecken in lauter verschiedene Quadrate. 
Journal die reine und angew. Math. 182:60-64; 1940. 

Spracue, R. Zur Abschatzung der Mindestzahl inkongruenter Quadrate, die ein 
gegebenes Rechteck ausfiillen. Mathematische Zeitschrift 46:460-71; 1940. 

“A Square Dissection.” M. Mag. 29:110-12; 1955. 

Tutte, W. T. Squaring the square. Canadian Journal of Mathematics 2:197-209; 
1950. 

Wang, F. T. and Hsuinc, C. Theorem on the tangram. Am. M , Mo. 49:596-99; 
1942. 

Wyatt, E. M. Puzzles in Wood. 10th edition. Milwaukee, Bruce Publishing Co., 
1956. 64 p. 

Dissection figures and other mathematical puzzles. 

Wyatt, E. M. Wonders in Wood. Milwaukee, Bruce Publishing Co., 1946. 76 p. 
Contains many fine puzzles. 

Yates, Rorert C. Addition by dissection. S. S. M. 40:801-807; 1940. 

3.4 Regular Polygons and Polyhedrons 

The elementary characteristics of regular polygons and polyhedrons were 
known to the ancient Greeks, who gave us the regular Platonic solids and 
the semi-regular Archimedian solids. But the elaborate development of the 
subject in modern times is scarcely 100 years old. The general theory of 
regular polytopes is intimately a^ociated with several branches of higher 
mathematics, notably group theory, topology and n-dimensional geometry, 
not to omit its relation to the /science of crystallography. A polytope is a 
geometrical figure bounded by portions of lines, planes, or hyperplanes; in 
2-space it is a polygon, and in 3-space, a polyhedron. The study of regular 
polytopes is unusually fascinating. It appeals to many on the. ground of 
sheer beauty and imagery; the mathematician cannot resist the urge to gen- 
eralize; and the scientist, of course, is concerned with 'regular forms in 
Nature. 

j 

Ball, W. W. R. and Coxeter, H. S. M. Polyhedra. Mathematical Recreations and 
Essays. London: Macmillan, 1942. p. 129-60. 

Bankoff, Leon. Regular polygons of 2, 3, 4 and 6 sides inscribed in circles of 
unit radius. Scrip. M. 21:252; 1956. / 
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Baravalle, H. Continuous transformations of regular solids. M.T. 39:147-54; 

1946. / 

Beard, R. S. Tessellated polygons. Scrip. M. 17:125-31; 1951. 

Bruecki^er, M. Vielecke and Vielflache. Leipzig: Teubner, 1900. 227 p. 

< Deals With all forms of polyhedrons, including semi-regular and star poly- 

hedrons. 

Cadwell, J. H. Models of polyhedra. M. Gaz. 25:235-36; 1941. 

Coxeter, H. S. M. The densities of the regular polytopes. Proceedings , Cam- 
/ bridge Philosophical Society, Vol. 27. 1931. 

Coxeter, H. S. M. Easy method for constructing polyhedral group pictures. Am. 
M. Mo. 45:522-25; 1938. 

. . Coxeter, H. S. M., et al. The Fifty-Nine Icosahedra. (Math. Series No. 6) . 
Toronto: University of Toronto Press, 1938. 26 p. + 20 plates. 

Coxeter, H. S, M. Interlocked rings of spheres. Scrip. M. 18:113-21; 1952. 

1 Coxeter, H. S. M. The nine regular solids. Proceedings, The First Canadian 

Mathematical Congress, Montreal: 194?; Toronto: 1946. p. 252-64. 

Coxeter, H. S. M. The partition of a sphere according to the icosahedral group. 
Scrip. M. 4:156-57; 1936. 

* Coxeter, H. S. M. Regular and semi-regular polytopes. Mathematische Zeit- 

schrift 46:380-407; 1940. - * 

Coxeter, H. S. M. Regular Polytopes. London: Methuen,. 1948. 321 p. 

Very scholarly and complete work; extensive bibliography. Regular poly- 
gons and polyhedra; quasi-regular solids; tesselations ; honeycombs; star 
polyhedra; kaleidoscope; group theory; polytopes in higher space, and 
such. 

Coxeter, H. S. M. Regular skew polyhedra in three and four dimensions, and , 
their topological analogues. Proceedings, London Mathematical Society 43: 
33-62; 1937. 

Coxeter, H. S. M. The regular sponges, or skew polyhedra. Scrip. M. 6:240-44; 
1939. 

Coxeter, H. S. M. Six uniform polyhedra. Scrip. M. 20:227-28; 1954. 

Cundy, H. M. Models in polyhedra. M. Gaz. 26:178-79; 1942. 

Cundy, H. M. and Rollett, A. P. Mathematical Models. New York: Oxford 
University Press, 1952. 240 p. 

Gives complete directions for the construction of the 13 Archimedian 
solids, the four Kepler-Poinsot star solids, stellar Archimedian polyhedra, 
and so on. 

Eberhard, V. Zur Morphologie der Polyeder. Leipzig: 1891. 245 p. 

Gardner, Martin. Flexagons. Sci. Am. 30:162-66; December 1956. 

Ghyka, Matila C. The Geometry of Art and Life. New York: Sheed and Ward, 
* 1946. Geometrical shapes in space, p. 40-70; regular partitions on the plane 
and in space, p. 71-86. 

Goormaghtigh, R. A regular polygon within a regular polygon. Scrip. M. 20:215- 
16; 1954. 
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Graesser, R. F. Models of the regular polyhedrons. M. T. 38:368-69; 1945. ' . 

Gunther, S. Vermischte Untersuchungen zur Geschichte der Mathematischen 
W issenschaften. Leipzig:- Teubner, 1876. Historical account of the develop- 
ment of star polygons and star polyhedrons, p. 1-92. , 

IIaag, F. Die regularen Kris tallkor per. Rottweil, 1887. 

Hartley, Miles C. Patterns of Polyhedrons. Urbana, Illinois: University High 
School, the author, 1948. Revised edition. 45 p. 

Pamphlet containing excellent plates for folding patterns of polyhedrons. 

Hawthorne, Frank. A model of the five regular polyhedra. S. S. M. 52:125-26; 
1952. 

Heath, Dwight.. Some Composite Polyhedrons. Published by the author, Frank- 
lin College, 1940. (Mimeo. 11 plates). 

Hermes, E. S. T. 0. Vber di,e Anzahl und Form von Vielflachen. Berlin: Gartner, 

1894.— 

Hess, E. Einleitung in die*Lehre von der Kugelteilung. Leipzig: Teubner, 1883. 

Hess, E. Vber die zugleich gleicheckigen lind gleichflachigen Polyeder. Kassel: 
Kay, 1876. 

Hess, E, Vber vier Archimedeische Polyeder hoherer Art. Kassel: Kay, 1878. 

Hess, E. Zur'Theorie der rdumlichen Konfiguradonen. Leipzig: Engelmann, 1890. 

Hill, Lester. Notes on the regular icosahedron and the regular dodecahedron. 
Scrip. M. 7:99-109; 1940. 

Hope-Jones, W. The regular octahedron. M. Gaz. 26:41-46; 1942. 

Hope-Jones, W. The rhombic dodecahedron for the young. M. Gaz. 20:254-57; 
1936. 

Joseph, Margaret. Hexahexaflexagrams. M. T. 44:247-48; 1951. 

Kelin, Felix. Lectures on the Icosahedron. London: Kegan Paul, 1913. 

Koch, C. Vber rcgulare und halbregulare Sternpolyeder. Tubingen: Fues, 1887. 

Kowalewski, Gerhard. Der Kepler sche Kor per und andere Bauspiele. Leipzig: 
K. F. Kohlers Antiquarium, 1938. 65 p. 

Kugler, Harry L. Models of Geometric Solids, Crystal Forms, and Penetrating 
Card Polyhedrons. Unbound folders. Copyright, H. L. Kugler, 1 East Willow 
Gr., Philadelphia, Pa., 1935, 1936. Privately printed. 

Leman, A. Uber halbregulare Korper. Z. M. N. U. 47:105+; 1916. 

Lindemann, F. Zur Geschichte der Polyeder. Bayerische Akademie der Wissen - 
schaften, Mathematisch-Naturwissenschaften, ' Abt., Sitzungsberichte, 1934. 
p. 265-75. 

Lines, L. Solid Geometry. London: Macmillan, 1935. 292 p. 

Material on regular polyhedrons, semi-regular and star polyhedrons, and 
crystal forms. 

Lomholt, A. Regular e Polyeder. Viborg: Jacobsen, 1895. 

Maunsell, F. G. The Hexagon and the hexahexaflexagram. M. Gaz. 38:213; 1954. 
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Morely, Frank. The hexlet. Nature 139:72; 1937. 

Poinsot, D’Apres M. Sur les polygones et les polyedres etoiles; polygones funicu- 
laries. Nouvelles Annales de Mathematiques 8:68-74; 1849. 

Poinsot, Cauchy, Bertrandt, Cayley. Abhandlungen iiber die regelindssigen 

Sternkorper. Leipzig:' 1906/ , ' 

> 

Polya, G. t)ber die Analogic der Kristallsymmetrie in der Ebene. Zeitschrift fur * 
* Krystallographie und Mineralogie 60:278-82; 1924. 

Pratt, Gertrude. The regular star solids. S. S. M. 28:463-67 ; 1928. 

Rausenberger, 0. Konvexe pseudoregulare Polyeder. Z. M. N.'lL 46:135, 477; 
1915. • 

R ein^ard, C. Einleitung in die Theorie der Polyeder. Meissen: 1890. 

Rollett, A. P. Mathematical models and constructions. M. Gaz. 29:181-92; 1945. 
Sachs, E. Die fiinf Platonischen Korper. Berlin: 1917. 

Shaw, J. B. Kaleidoscopic-Rhythms. Scrip. M. 12:101-11; 1946. 

Soddy, Frederick. The hexlet. Nature 138:958 ; 1936. 

Soddy, Frederick. The kiss precise. Nature 137:1021; 1936. 139:62, 154; 1937. 

Sommerville, D. M. Y. Division of space by congruent triangles and tetrahedra. 
"Proceedings, Royal Society of Edinburgh 43:85-116; 1923. 

Steinhaus, H. Mathematical Snapshots. New York: G. E. Stechert, 1938. Regular 
polygons.and polyhedrons, p. 62-85. 

Strenger. Ober halbregelmassige Vielflache. 1905. 44 p. 

Struyk, Adrian. Three folding models of polyhedra. M. T. 49:286-88; 1956. 

Urech. Polytopes reguliers de Vespace a n dimensions et leur groupes de rota- 
tions. Zurich: 1925. 

Wheeler, A. H. Certain forms of the icosahedron, and a method^ for deriving 
and designating higher polyhedra. Proceedings, International Congress 1:701- 
708; Toronto: 1924. 

Wolffing, Ernst. Mathematischer Bucher satz. Leipzig: Teubner, 1903. 

Gives over 150 references, to books prior to 1900 dealing with tetrahedra 
and polyhedra, p. 237-40. 



3.5 Geometric Constructions 

Adler, August. Theorie der geometriscfien Konstruktionen. Leipzig: G. J. Go* 
schen, 1906. 

Apt, F. 1st es moglich, ein beliebiges reelles Qreieck aus zwei Stiicken zu kon 
* struieren? Z. M.N. U. 51:18; 1920. 

Archibald, R. C. Constructions with a doubled-edged ruler. Am. M. Mo. 25:358- 
60; 1918. 

Archibald, R. C. Geometrography and other methods of measurements of geome- 
try. Am. M. Mo. 27:323-26; 1920. 
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Bakst, Aaron. Geometric Constructions. New York University Bookstore: the 
author, 1950. 59 p. (Mimeo.) 

Barnett, I. Geometrical constructions arising from simple algebraic identities. 
S. S. M. 38:521 27; 1938. • 

Beman, W. W. Geometric constructions. S. S. M. 10:528-29; 1910. 

Bieberbach, Ludwig. Theorie der geometrischen Konstruktionen. Basel: Verlag 
Birkhauser, 1952. 162 p. 

Bowker, E. Fourth proportional and similarity in construction work. 5. S. M. 27: 
527-33; 1927. * 

o 

Breuer, S. 1st es riioglich, ein beliebiges reelles Dreieck aus zwei Stucken zu 
konstruieren? Z. M. N. U. 51:164; 1920. 

Buchner, P. Aus der Theorie der geometrischen Konstruktionen. (Basel, Switzer- 
land) : Elemente der Mathematik 1:1-3; 1946. 

To construct a square whose sides (or extensions) shall pass through four 
noncollinear random points in a plane. 

Buchner, P. Die Beniitzung des Imaginaren Jjei Konstruktionen. Z. M. N. U. 61: 

338-43; 1930. 

Duncan, D. Criticism of the treatment of the regular polygon constructions in 
certain well-known geometry texts, S. S. M. 34:50-57; 1934. 

Eckhardt, O. Teilung einer Strecke in n gleiche Teile. Z. M. N. U. 56:30; 1925. 

) 

Eves, Howard. An approximate construction for a regular enneagon. S. S. M. 
49:14; 1949. ' 

Eves, H. and Hoggatt, V. Euclidean constructions with well-defined intersec- 
tions. M. T. 44:262-63; 1951. 

Fourrey, E. Procedes originaux de constructions geometriques. Paris: Librarie 
Vuibert, 1924. 

Fuhr, H. Konstruktion mit dem Zeichenwinkel. Z. M. N. U. 65:279-87; 1934. 

Gerard. Construction du polygone regulier de 17 cotes au moyen du seul compas. 
Mathematische Annalen 58:390; 1896. 

G.ruttner, Adalbert. Die Grundlagen der Geometrographie. Leipzig: 1912. 

Hess, Adrien L. Certain topics related to constructions with straightedge and com- 
passes. M. Mag. 29:217-21 ; 1956. . . ' 

Bibliography. 

Hobson. On ’geometrical constructions by means of the compass. M. Gaz. March 
1913. 

Holder, O. Axiome, empirische Gesetze und mathematische Konstruktionen. 
Sci'entia 49:317-26; French trans., 49 sup.:133-41; May 1931. 

Horth, E. F. Die geometrischen Konstruktionsaufgaben fiir Schulgebrauch. 
Leipzig: 1923. 

Hudson, Hilda P. Ruler. and Compass. London: 1916. New York: Chelsea Pub- 
lishing Co., 1953. (Reissue; bound with A. B. Kempe: Hoiv To Draw a 
Straight Line ; E. W. Hobson: Squaring the Circle ; and so on; p. 1-143.) 
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Huntington, E. V. Handbook of Mathematics for Engineers. New York: Mc- 
Graw-Hill, 1934. t 

Geometric construction of common curves, p. 138-56. 

Kempner, A. On triangle constructions. Am. M. Mo. 43:483-85; 1936. 

Kerst, B. Methoden zur Losung geometrischer- Auf gabed. Leipzig : 1916. - 

Lebesgue, Henri. Lecons sur les constructions* geometriques: Paris: Gauthier-, 
Villars, 1950. 304 p. 

Lemaire, G. Methodes de resolution et de discussion des problemes de geometric. 
Paris: 1933. 

Lemoine, Emile. Elements de la geometro graphie. Paris: 1893. 87 p. 

Lemoine, Emile. De la mesure de la simplicite dans les constructions geome- 
triques. Mathesis 8:217-22, 241-44; 1888. 

Lemoine, Emile. Geometrographie, ou art des constructions geometriques. Paris: 
Gauthier-Villars, 1902. 87 p. - # 

Lietzmann, W. Theorie und Praxis der geometrischen Konstruktionsaufgaben. 
Darmstadt: H. L. Schlapp, 1935. 

Martin, J. Triangle constructions. School 27:123-27; 1938. (Secondary Educa- 
tion). • . 

d’Ocagne, M. Noqyelles et curieuses. constructions geometriques approachees. 
‘Revue General Scientifique 45:321-22, 416; 1934. C 

d’Ocagne, M. Quelques considerations sur les constructions geometriques. Revue 
■ General Scientifique 44:7-9; January 1933. 

Petersen, Julius. Methodes et theories pour la resolution des problemes de con- 
structions geometriques. Paris: Gauthier-Villars, 1946. 112 p. 

Petersen, Julius. Problems of Geometrical Constructions. (Trans, by Haagen- 
sen). New York: 1923. 

Reusch, J. Planimetrische Konstruktionen in geometrographischer Ausfiihrung. 
Leipzig: 1904. 84 p. 

Richmond. To construct a regular polygon of 17 sides. Mathematisc he Annalen 
67:459; 1909. 

Shively, L. S. An Introduction to Modern Geometry. New York: Wiley, 1939. 
Constructions, p. 80-92; 132-35. 

Steiner, Jacob. Die geometrischen Konstruktionen ausgefiihrt mittelst der gera- 
den Linie und eines festen Kreises , usw. Second edition, edited by J. v. 
Ottingen (Ostwald Klassike No. 60) Leipzig: 1895. 85 p. 

Steiner, Jacob. Geometrical Constructions with a Ruler Given a Fixed Circle 
with Its Center. (Trans, by Marion Stark, and edited by R. C. Archibald. 
New York: Yeshiva University.) Scrip. M., 1950. 88 p. 

Struyk, Adrian. Drawing with ruler and paper. S. S. M. 45:211-14; 1945. 

Trigg, C. W. Unorthodox ways to trisect a line segment. S. S. M. 54:525-28; 1954. 

Tucker, C. Construction for mean proportional. M. Gaz. 14:542-44; 1929. 
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Vahlen, Th. Konstruktionen und Approximationen. Leipzig: 1911. 

Vaughn, B. Teaching of construction problems in plane geometry. S. S. M. 23: 
353-56; 1923. 



Yates, R. C. Euclidean constructions. M. T. 47:231-32; 1954. 

W ood, J^Square root of a line without the use of the. circle. S. S. M. 22:111-13; 
' 1922. 

Zuhlke, P. Ausfiihrung elementargeometrischer Konstruktionen bei ungiinstigen 
Lageverhaltnissen. Leipzig: 1906. 

Zuhlke, P. Konstruktionen in begrenzter Ebene. Leipzig : B. G. Teubner, 1951. 

42 p. 



3.6 Mascheroni Constructions 

When Lorenzo Mascheroni published • his Geometry of the Compass, in 1797, 
he showed that any construction which can be executed with the straight edge 
and compass could also be carried out with the compass alone. Obviously, his 
points are not determined by the intersection of two straight lines. Furthermore, 
a straight line is considered as given or obtained when two points lying on it are 
known. Nearly 100 years later, A. Adler verified Mascheroni’s claims. Adler used 
the idea of inversion with regard to a circle, an idea unknown to Mascheroni, 
having been discovered by ‘Steiner in 1824: 

Strictly speaking, Masqheroni’s constructions are not usually thought of as 
recreations; the problems that arise, however, are not only fascinating — they make 
considerable demands upon one’s ingenuity. 

Adler, A. Theorie der geometrischen Konstruktionen. Leipzig: 1906. p. 92-122. 
Byrne, Oliver. The Geometry of Compasses. London: 1877. 

Cajori, F. A forerunner of Mascheroni. Am. M. Mo. 36:364-65; 1929. 
Carnahan, Walter. Compass geometry. S. S. M. 32:384-90; 1932. 

Carnahan, Walter. Geometrical constructions without the compasses. S. S. M. 
36:182-89; 1936. * ' 

Cayley, A. On Mascheroni’s geofnetry of the'' compass. Messenger of Mathe- 
matics 14:179-81; 1885. 

Cesaro, E. Les problemes de geometrie resolus par le compas. Memoires Soci- 
ete Liege: 1899. 

Cheney, W. F. Can we outdo Mascheroni? M. T. 46:152-56; 1953. 

Frischauf, J. Geometrische Konstruktionen von L. Mascheroni und J. Steiner., 
Graz: 1869. 

Geiger. Ein Beitrag zur Mascheroiiischen Geometriei des Zirkels. Z. M. N. U. 41: 
548+; 1910. J 

Goldberg, M. All geometric construction may be made wjfh compasses. S. S. M. 
25:961-65; 1925. 

Hobson, E. W. On geometrical constructions by means of the compass. M. Gaz. 
7:49-54; 1913. * 
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Hudson, H. P. Ruler and Compasses. New York: Chelsea Publishing Co., 1953. 
p. 131-43. „ 

Hutt, E. J. Die Mascheronischen Konstruktionen. Halle: 1880. 

Kutta, W. M. Zur Geschichte der Geometrie mit kcnstanter Zirkeloffnung. Halle: 
Abhandlungen Leopold Akademie, 1897. 

Lanascol, A. Quemper de. Geometrie du Compas. Paris: Librairie Scientifique, 
Albert Blanchard, 1925. 406 p. 

Longchamps, G. de. Essai sur la geometrie de la regie et de Vequerre. Paris: 
1890. 

Mascheroni, Lorenzo. La Geometria del Conipasso. Pavia, 1798. (Paris: French 
trans. by A. M. Carette, 1828; Berlin: German trans. by J. P. Griison, 1825.) 

Mascheroni, Lorenzo. La Geometria del Compasso. Edited by G. Fazzari, ‘ 
Palermo, 1901. 

Mills, C. N. The problem of Napoleon. M. T. 46:344-45; 1953. 

Mulsow, G. Mascheronische Konstruktionen. Schwerin: 1898. 16 p. 

\ 

Peaucellier, A. Note sur une question de geometrie de compas. (trans. by W. D. 
Marks). Journal of the Franklin InstituteJJl :361 ; 1878. 

Weber, W. Ober die Halbierung eines Kreisbogens nach Mascheroni. Z. M. N. U. 
59:264+; 1928. 

3.7 Linkages — The Pantograph 

The problem of transforming line motion into circular motion is simple 
enough, but the reverse problem, of converting circular motion into motion 
along a straight line, is considerably more difficult. The, latter problem was 
of slight interest to earlier mathematicians, and only attracted widespread 
attention some years after the first solutions were given by Sarrus in 1853 
and Peaucellier in 1864. Considerable enthusiasm in the subject of linkages 
developed during the last quarter of the 19th Century, stimulated largely by 
the work of Sylvester, Cayley, Kempe, and others, and culminating in 
Kempe’s demonstration of the remarkable theorem that any algebraic curve 
can be described by a linkage. The bars of a linkage need not be straight; 
the only requirement is that they be plane, inextensible members. Certain 
linkworks are of considerable importance in mechanics and engineering. 

* 

Ahrendt, M. H. A general method for the construction of a mechanical inversor. 
M. T. 27:75-80; 1944. 

Archibald, R. C. Bibliography of the theory of linkages. Scrip. M. 2:293-94; 
1934. . 

Gives about a dozen references not covered in Kanayama’s list (see below)., 

Asbury, F. C. Concerrting a mechanical inversor. School ( Secondary Edition) 33 : 
610-13; 1945. 
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Bennett, G. T. The skew isogram mechanism. Proceedings, London Mathemat- 
ical Society 13:151-73; 1913-14. Second series. 

Bricard, R. Lemons des cinematique 2:7-12; 185-99; 311-32; Paris: 1927. 

Brown, Henry T. 507 mouvements mecaniques. Liege: Desoer. n.d. 28 p. 

Goldberg, Michael. Linkages in three dimensions. N. C. T. M., 18th Yearbook, 
1945. p. 160-63. 

Goldberg, Michael, New five-bar and six-bar linkages in three dimensions. 
Transactions, American Society Mechanical Engineers 65:649-61; 1943. 

Goldberg, Michael. Polyhedral linkages. N.M.M. 16:1-107 1942. % 

Hart, H. On two models of parallel motion. Proceedings, Cambridge Philosoph- 
ical Society 3:187 ; 1880. 

Hessenberg, Gerhard. Gelenkmechanismcn zur Kreisverwandtschaft. Tubingen. 
J.C.B. Mohr, 1924. 16 . p. 

Hilsenrath, Joseph. Linkages. M. T. 30:277-84; 1937. 

Hinkle, R. T. Generation of the conic sections with machine tools; theorems 
from projective geometry can be duplicated by kinematic linkages. Product 
Engineering 18:162-65; 1947. 

Hippesley, R. L. Linkages. Encyclopaedia Britannica 14:163-64; 14th edition, 
1939. 

Hrones, John A. and Nelson, G. L. Analysis of the Four-bar Linkage ; ** A PP& 
cation to the Synthesis of Mechanisms. Cambridge and New Ydrk: M. I. 1. 
and J. Wiley, 1951. 730 p. 

Jones, Phillip. Multi-sensory aids based on applications of mathematics. M. T. 
40:285-93; 1947. 

Kanayama, R. Bibliography of the theory of linkages. Tohoku Mathematical 
Journal 37:294-319; 1933. 

Gives 306 titles covering period 1631-1931. 

Kempe, A. B. How To Draw a Straight Line. New York: 1877. 

Kempe, A. B. How To draw a straight line: a lecture on linkages. The Pentagon 
11:67-100; 1952. 

A reprint of the original book, first published in 1877. 

Kempe, A. B. How To Draw a Straight Line: A Lecture on Linkages. New York: 
Chelsea Publishing Co., 1953. (Reissue; bound with H. P. Hudson? Ruler 
and Compass', E. W. Hobson: Squaring the Circle, and so on.) 311 p. 

' Kempe, A. B. On a general method of describing curves of the nth degree by a 
linkwork. Proceedings, London Mathematical Society 6:213-16; 1876. 

Kempe, A. B. On some new linkages. Cambridge Messenger of Mathematics 4: 
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Keown, R. M. and Faires, H. M. Mechanism. New York: McGraw-Hill, 1939. 

Leavens, D. H. Linkages. Am. M. Mo. 22:330-34; 1915. 

Lloyd, D. B. The teaching of “flexible” geometry. M. T. 32:321-23; 1939. 

Pantograph and simple linkages. 
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Meserve, Bruce E. Linkages as visual aids. M. T. 39:372-79; 1946. 

Morley, F. V. The?, three-bar curve. Am. M. Mo. 31:71-77 ; 1924. 

Moser, Leo. Linked rods and continued fractions. Scrip. M. 15:252-54; 1949. 

Peaucellier, A. Lettre au redacteur. Nouvelles Annalcs de Mathematiques 3:414- 
15; 1864. 

Roos, J. D. C. de. Linkages: The Different Forms and Uses'of Articulated Links. 
New York: Van Nostrand, 1879. 

Stokes, G. D. C. Three mathematical mechanisms. M. Gaz., February 1952. 

Includes a linkage for the mechanical construction of regular n-gons, and 
a linkage for dividing an angle mechanically into any number of equal 
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, Svoboda, A. Computing Mechanisms and Linkages. New York: McGraw-Hill, 
1948. ' ‘ 



Trimble, H. C. For non-geniuses only. M. T. 42:244-46; 1949. 
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Tuck, F. E. How to draw a Straight line. S. S. M. 21:554-58; 1921. 

Yates, R. C. Geometric Tools \ A Mathematical Sketch and Model Book. St. Louis, 
Mo.: Educational Publishers, Inc., 1949. 194 p. 
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Yates, R. C. Line motion and irisection. N. M. M. 13:63-66; 1938. 

Yates, R. C. Linkages. N. C. T\ M., 18th Yearbook p. 117-29; 1945. 
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Baxandall, David. Ellipsographs. Encyclopaedia Britannica 8:370-71 ; 14th edi- 
tion, 1939. / 
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1953. 
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Groos, J. A. van. A new ellipsograph. S. S. M. 22:471-72; 1922. 
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1937. 
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tions. N. C. T. M., 18th Yearbook, 1945. p. 273-79. 

Jones, Phillip. Mathematical apparatus. N. C. T. M., 18th Yearbook, 1945. p. 
212-25. 
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Lof, J. L. C. The conic compass. S. S. M. 38:842-46; 1938. 
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p. 216 ff. 
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T. A/., 11th Yearbook, 1936. p. 207 ff. 

Yates, !R. C. Curves and Their Properties. Ann Arbor, Mich.: J. W. Edwards, 
1947. 245 p. 

Discussion of linkages, line motion, harmonic motion, Lissajou curves, 
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Yates, R. C. An ellipsograph. N. M. M. 12:213-15; 1938. 

Yates, R. C. Geometric Tools. St. Louis: Educational Publj|hers, 1949. 194 p. 
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Chapter 4 

A wonted ‘Rectimtiom 

% 

F rom one point of view, mathematical recreations fall into two major cate- 
gories: those that involve number relationships or * computation, and 
those that depend chiefly upon the ’manipulation of objects. Conspicuous 
in the latter category we find the problem of ferrying the wolf, the goat, and 
the basket of cabbages across a stream (or the three couples with jealous 
spouses, where the boat will hold only two people) ; the problem of measur- 
ing out one quart of a liquid with only a 3-, 5-, and 8-quart measure avail- 
able; the problem of the three,Coins; the twelve-coin problem; the shunting 
of freight cars; the Chinese ring puzzle; the problems of chains and links; 
the Tower of Hanoi; the Josephus problem; and the Boss Puzzle, or 
15-Puzzle. 

Included also among the manipulative recreations are string figures, paper- 
folding exercises, card tricks, chessboard problems, unicursal problems, 
labyrinths, and a variety of topological problems. 

Because of the recent .popularity of the 15-Puzzle, it merits some ob§erva- 
tions. Invented in America by Sam <Lloyd in 1878, it took Europe by storm, 
“driving people mad.” A squaFtrarrangement of 15 small square blocks num- 
bered from 1 to 15, with room for 16 blocks, so that the 15 squares can be 
interchanged by sliding them about. The total number of conceivable positions 
is factorial 16, or almost 21 billion. It can be proved that from any given 
initial arrangement, only half of all the possible arrangements can be obtained 
by sliding the ’squares about. In the currant revival of interest, the puzzle 
appears in dime stares, and is made of modern plastic material, Variations 
have also appeared — rectangular versio'ns containing 19, 21, and 31 pieces, 
respectively. 

4.1 boss Puzzle 

Ball, W. W. R. and Coxeter, H. S. Si. The 15-Puzzle. Mathematical Recreations 
and Essays. London: Macmillan, 1942. p. 299-303. ' ^ 

Johnson, W. W. and Story, W. E. Notes on the 15-Puzzle. American Journal of 
Mathematics 2:397-404; 1879. 

Kasner, E. and Newman ^Mathematics and. the Imagination. New ...York: ^ijnon 
and Schuster, 1940. p. 170-80. 

Kraitchik, M. Mathematical Recreations. New lork: W. W. Norton, 1942. p. . 
302-308. 
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Licks, H. E. Recreations in Mathematics. New York: Van Nostrand, 1*917. p. 
20 - 21 : 

Proctor, R. A. The 15-Puzzle. Gentleman's Magazine (new series) 26:30. 
Proctor, R. A. The 15-Puzzle. Knowledge 1:37, 79, 185. 

Snowdon, J. S. The 15-Puzzle. Leisure Hour 29:493. 

Steinhaus, H. Mathematical Snapshots. New York: G. E. Stechert, 1938. p. 15-16. 
Warren, G. W. Clue to 15-Puzzle. Nation 30:326; 1880. 

4.2 Card Tricks— Manipulative Puzzles 

Adler, Irving. Make up your own card tricks. Bulletin, Association of the Teach- 
ers of Mathematics of the City of New York 5:4-7; 1951. 

“An Application of Mathematical Induction to the Tower of Hanoi Puzzle.” M. T. 
45:522-23; 1952. 

Association of American Playing Card Manufacturers. Take a Card. New York: 
the Association, 420 Lexington Ave. 

A free pamphlet. 

Ball, W. W. R. and Coxeter, H. S. M. Manipulative problems. Mathematical 
Recreations and Essays. London: Macmillan, 1942. p. 299-325. 

Beiler, A. H. Electrical Chinese ring puzzle. Am. M. Mo. 51:133-37; 1944. 

“Card Trick Over Three Hundred Years Old.” Scrip. M. 19:220; 1953. 

Court, N. Altshiller. Perplexities of a potato-pusher. Scrip. M. 14:151-56; 

1948. 

Reference to games of tic-tac-toe. 

Freeman, Mae and Freeman, Ira. Fun with Figures. New York: Random House, 
1946. 

Funkenbusch, W. and Eagle, E. Hyper-special tit-tat-toe, or tit-tat-toe in four 
dimensions. N. M. M. 19:119-22; 1944. 

Gardner, Martin. Mathematical card tricks. Scrip. M. 14:99-111; 1948. 

Gardner, Martin. Mathematical tricks with common objects. Scrip. M. 15:17-26; 

1949. 

Tricks with dice, dominoes, calendars^ watches, dollar bills, matches, 
books. 

Gardner, Martin. Mathematical tricks with special equipment. Scrip. M. 18:237- 
49; 1952. 

Gravatt, G. G. Encyclopedia of (Self -Working) Card Tricks. 1937, 1940. 403 p. 

Large collection of card tricks based upon mathematics, involving little or 
no sleight of hand. 

Hogben, Lancelot. Mathematics for the Million. 3rd edition. New York: W. W. 
Norton, 1956. 

Chapters on “Statistics” and on the “Algebra oJf the Card Pack”. 
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“An Inductive-deductive Experiment with the Tower of Hanoi Puzzle.” M. T. 44: 
505; 1951. 

Johnson, Paul B. Stacking colored cubes. Am. M. Mo. 63:392-95; 1956. 

Jones, Phillip. Algebraic tic-tac-toe. M. T. if-43; 1951. 

Kirkpatrick, Paul. Probability theory of a simple card game. M. T. 47:245-48; 
1954. 

Koenen, William. Using the tower of Hanoi to present the principle of mathe- 
matical induction. M. T. 48:330-31; 1955. 

9 

Leeminc, Joseph. Games with Playing Cards, Tricks, Stunts. New York: Frank- 
lin Watts, Inc., 1949. 104 p. 

Manheimer, Wallace. A club project in a modern use of mathematics. M. T. 
50:350-55; 1957. 

Mathematical card tricks, etc., based on binary notation and feedback. 

Mathematics and Ticktacktoe. Time 68:78-80; July 23, 1956. 

Price, Irene, “I Doubt It” — a mathematical card game. Am. M. Mo. 49:117; 
1942. * 

Rising, Gerald. Some comments on a simple puzzle. M. T. 49:267-69; 1956. 

Rohrbough, Lynn. Puzzle Craft; Plans for Making and Solving 40 Puzzles in 
Wire, Wood, and String. (Kit U). Delaware, Ohio: Cooperative Recreation 
Service, 1932. 24 p. 25^. (Pamphlet) 

Ruderman, Harry. The game of tic-tac-toe. M. T. 44:344-46; 1951. 

Sawyer, W. W. Analysis of an Indian game. Scrip. M. 22:71-78; 1956. 

Extensive discussion of a manipulative puzzle game similar to “Fox and 
Geese.” 

Sawyer, W. W. and Srawley, L. G. Designing and Making. Oxford: Basil Black- 
well, 1950. . 

Schueler, F. W. A method for determining the thickness of material by folding. 
S. S. M. 45:725-26; 1945. 

Somerve ll, Edith. A Rhythmic Approach to Mathematics. London: George 
Philip & Son, 1906. *67 p. (Pamphlet) 

Reprints obtainable from Miss L. E. Christman, 1217 Elmdale Ave., Chi- 
cago, 111. Discusses curve-stitching. 

Thurston, Howard. 300 Tricks You Can Do. New York: Pocket Books, Inc., 
1948. 239 p. 

Card tricks, number tricks, and some paper and ring tricks involving 
topology. 

Walker, S. W. Games of the checkers family in line, plane, < and space. Bulletin, 
American Mathematical Society 52:825; 1946. 
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4.3 Chessboard Problems 

Ball, W. W. R. and Coxeter, H. S. M. Chessboard recreations. Mathematical 
Recreations and Essays. London: Macmillan, 1942. p. 161-92. 

Ginsburg, Jekuthiel. Gauss’s arithmetization of the problem of queens. Scrip. 
M. 5:63-66; 1938. 

Huber-Stockar, Emile. L’Echiquier du Diable: un jeu de composition a plus 
de 5000 solutions. Deuxieme Congres International de Recreation Mathe- 
matique, Bruxelles: Librairie du “Sphinx,” 1937. p. 64-68. 

Huber-Stockar, Emile. Le problerne du cavalier generalise. Bruxelles: Librairie 
du “Sphinx,” 1935. 

de Jaenis-ch. Du problerne du cavalier. Chess Monthly , April 1859. 

Jones, Norma L. A game of solitaire with checkers. The Pentagon 14:96-98 ; 1955. 

Kraitchik, Maurice. Le problerne du cavalier. Paris: Gauthier-Villars, 1927. 
96 p. 

Langman, Harry. A problem in checkers. Scrip. M. 20:206-208; 1954. 

Linde, A. v. d. Geschichte und Literatur des Schachspiels. Berlin: 1874. 

McCoy, John C. The magic knight’s tour. Scrip. M. 12:79-86; 1946. 

Nev. R. Mind. Mathematics on the chessboard. Scrip. M. 20:110; 1954. 

Ruska, Julius. Zur Geschichte der Schachbrettaufgabe. Z; M. N. U. 47:275-82; 
1917. , 

Smith, Arthur. Go, the National Game of Japan. Rutland, Vermont: Charles E. 
Tuttle Co., 1956. (Reprint) . 220 p. 

Stewart, B. M. Solitaire on a checkerboard. Am. M. Mo. 48:228-32; 1941. 
Tomlinson. Amusements in Chess. London: 1845. 



4.4 Topological 'Questions 

“Analysis Situs.” Encyclopaedia Britannica. 14th edition, 1939. 

Ayres, W. A. Some elementary aspects of topology. Am. M. Mo. 45:88-92; 1938. 

Ball, W. W. R. and Coxeter, H. S. M. Solid-tessellations; ball-piling or close- 
packing. Mathematical Recreations and Essays. London: Macmillan, 1942. p. 
148-51. 

Blumenthal, L. M. A paradox, a paradox, a most ingenious paradox. Am. M. 
Mo. 47:346-53; 1940. 

Courant, R. and Robbins, H. What Is Mathematics? New York: Oxford Univer- 
versity Press, 1941. p. 235-71. 

[Euler^ Leonhard.] Leonhard Euler and the Koenigsberg Bridges. Set. Am7 189: 
66-70; July 1953. 

Franklin, Philip. What is topology? Philosophy of Science 2:39-47; 1935. 
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Gamow, George. Unusual properties of space. One, Two, Three — Infinity. New 
York: Viking Press, 1941; Mentor Books,, 1947. p. 50-70. 



Gardner, Martin. Topology and magic. Scrip. M. 17:75-83; 1951. 

Describes the Afghan bands; handkerchief tricks; tricks with, string and 
rope; vest tricks. * , * 



Greitzer, Samuel. Topology. Selected Topics in Higher Mathematics for Teachers. 
New York: Association of Teachers of Mathematics of New York City, 1942. 
p. 5-25. 



Hall, D. W. Some’ concepts of elementary topology. M. Mag. 22:267-74; 1949. 
Hall, F. What is topology? M. T. 34:158-60; 1941. 



Holtzman, Harry. Topological party. Science Illustrated 3:20-23, 110; March 
1948. 



Kasner, E. Note on non-Apollonian packing in space. Scrip. M. 9:26; 1943. 



Kasner, E. and Newman, J. Rubber-sheet geometry. Mathematics and the Imagi- 
nation. New York: Simon & Schuster, 1940. p. 265-98. 



Kasner, E. and Others. Covering the plane by circles. Scrip. M. 9:19-25; 1943. 



Kasner, E. and .Supnick, F. Apollonian packing of circles. Proceedings, Na- 
tional Academy of Sciences 29:378-84; 1943. 



Kline, J. R. What is the Jordan'curve theorem? Am. M. Mo. 49:281-86; 1942. 
Bibliography. 

McCoy, Dorothy. Space. N. M. M. 9:155-62; March 1935. 

Menger, Karl. What is dimension? Am. M. Mo. 50:2-7; 1943. 

Bibliography. 

Meserve, Bruce. Topology for secondary schools. M. T. 46:465-74; 1953. 



Northrop, Eugene. Topology. Riddles in Mathematics. N^w York: Van Nostrand, 
1944. p. 64-76. . ' . 



Porges, Arthur. Filling a square with circles. S. S. M. 45:858-61; 1945. 

Seifert, H. and Threlfall, W. Lehrbuch der Topologie. Leipzig^- Teubner, 1934. 
353 p. , ' 

Bibliography. 

Sierpinski, W. Introduction to General Topology. University of Toronto Press, 
. 1934. 238 p. 

Very readable and suggestive. 



Steinhaus, Hugo. Mathematical Snapshots. New York: Oxford University Press, 

1950. P . 214-40. 7 ; • “7 ■ 



Tucker, A. W. and Bailey, H. S. Topology: turning inner tubes inside out; one- 
sided bands and bottles. Sci. Am. 182:18-24; January 1950. 
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4.5 String Figures — Theory of Knots 

Artin, Emil. The theory of braids. American Scientist 38:112-19; 1950. 

Ashley, Clifford W. The Ashley Book of Knots. New York: Doubleday Doran 
& Co., 1944. 

Ball, W. W. R. String Figures. Cambridge: W. Heffer & Sons., 1921. 

Bastine, W. Bandknoten. Z. M. N. U. 53:172; 1922. 

Belash, Constantine. Braiding, and Knotting for Amateurs. Boston : Beacon 
Press, n.d. 

Burgess, Joseph T. Knots, Ties, and Splices. London: Routledge, n.d. 

Day, Cyrus Lawrence. Sailors’ Knots. New York: Dodd Mead & Co., n.d. 

Fischer, Ottokar. Illustrated Magic. New .York: Macmillan, n.d. 

Franklin, Eric. Kamut: Pictures in String. Areas Publishing Co., 1945. 60-p. 

Haddon, Kathleejj. Artists in String. New York: Dutton, n.d. 

Haddon, Kathleen. String Games for Beginners. Cambridge, England: W. Heffer 
& Sons, 1951. 

Haseman, Mary G. On knots, with a census of the amphicheirals with 12 cross- 
ings. Edinburgh: 1918. Reprint from Transactions, Royal Society of Edin- 
burgh, Vol. 52. 1917. 

Hertwig, P. C. Square Knot Book. Brooklyn, N. Y.: P. C. Hertwig Co. 

Hull, Burling. Thirty-three Rope Ties and Chain Releases. New York: n.d. 

James, Stewart. ’ The Encyclopedia of Rope Tricks. Colon, Michigan: Abbott 
Magic Company, 1945. 498 p. 

3 

Jayne, Caroline F. Savages’ String Figures. London: G. Newnes, 1913. p. 273-78. 

Jayne, Caroline F. String Figures: A Study of Cat’ s-cradle in Many Lands. N. Y.: 
C. Scribners, 1906. 408 p. 

Excellent bibliography. 

Koller, L. Vber einige allgemeine auf Knotenverbindungen beziigliche Gesetze. 
Wien: Gerold, 1884. 

Leeming, Joseph. Fun with String. New York: Frederick A. Stokes, 1940. 161 p. 
A Collection of String Games . . . Knot Work and Magic with String and 
Rope. 

“Mathematical Theory of Knots.” Sciehce Progress 32:70-74; 1937. 

I 

Reidemeister, K. Knotentheorie. Berlin: Springer, 1932. New York: Chelsea Pub- 
lishing Co. 78 p. • * 

Concise and complete; bibliography. 

Simony,” 0. Losung 'der Aufgabe : in ein ringformig geschlossenes Band einen 
Knoten zu machen. Wien: Gerold, 1881. 

Tait, P. G. On Knots. "Parts I, II, III; 1879-1885. . 
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4.6 The Mobius Strip 

Bond, Nelson. The geometries of Johnny Day. Astounding Science Fiction, July 
1941. 

Humorous sketch based on the Mobius strip. «• 

Gardner, Martin. The no-sided professor. Esquire, January 1947. p. 67+. 

Humorous story based on the Mobius strip. 

Hering, C. Flat band with only one surface and one edge. Sci. Am. 110:56; 1914. 

“Mobius Surfaces.” Scrip.*M. 5:208; 1938. 

v 

Niklitschek, Alexander. Das Ding, das nur eine Seite hat. Im Zaubergarten der , 
Mathematik. Berlin: Verlag Scherl, 1939. p. 217-28. 

Northrup, Eugene. Mobius strip. Riddles in Mathematics. New York: Van Nos- 
trand, 1944. p. 70-73. 

Steinhaus, Hugo. Mobius ribbon. Mathematical Snapshots. New York: Stecbert, 
1938. p. 114-17. 

Tuckerman. A non-6ingular polyhedral Mobius band whose boundary is a tri- 
angle. Am. M. Mo. 55:309-11; 1948. 

Upson, William. Alexander Botts and the Moebius strip. Saturday Evening Post, 
December 22, 1945. p. 22 ff. 

Humorous skit based on the Mobius strip. 

Upson, William. Paul Bunyan vs. the conveyor belt. Ford Times 41:14-17; Dear- 
born, Mich.: Ford Motor Co., 3000 Schaefer Road, July 1949. 

Another humorous skit. 

4.7 Map-Coloring Problems 

A well-known problem of interest to mapmakers is the answer to the ques- 
tion: “How many colors are necessary to color a map, showing any number 
of countries, in such a way that no two countries having a common boundary 
shall have the same color?” Apparently an innocent enough question, it con- 
tinues to baffle topologists. 

Thus one might expect that the more elaborate a map becomes, the more 
colors would be required if the desired condition above is to be fulfilled, but 
such is not the case. Curiously enough, no map has yet been constructed 
for which four colors would not be sufficient. This is very -different, however, 
from proving the generalization that four cojors would suffice for any con- 
ceivable map. 

What has been proved, among other theorems, is that five colors are 
always sufficient for any map drawn on a sphere or on a plane. Whether five 
colors are always necessary is still' an open question. 
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Backer, S. M. de. Four-colour problem. Naturk 153:710; June 10, 1944. 

Ball, W. W. R. and Coxeter, H. S. M. Map-colouring problems. Mathematical 
Recreations and Essays. London: Macmillan, 1942. p. 222-41. 

Birkhoff, G. D. A determinant formula for the number of ways of coloring a 
map. Annals of Mathematics 14:42 ; 1912. 

Birkoff, G. D. On the number of ways of coloring a map. Proceedings, Edin- 
burgh Mathematical Society, Series 2, Vol. 2. p. 83. 

Birkoff, G. D. The reducibility of maps. American Journal of Mathematics 35: 
115; 1913. 

Brahana, H. R. The four-color problem. Am. M. Mo. 30:234-43; 1923. 

Cayley, A. On the colouring of maps. Proceedings of the London Mathematical 
Society, Vol. 9. 1878. p. 1 48.' ... 'r.~— — ■ — — 

“Concerning the Four-Color Problem.” Am. M. Mo. 60 : 121-22 ; 1953. 

Coxeter, H. S. M. The map-coloring of unorientable surfaces. Duke Mathemat- 
ical Journal 10:293-304; 1943. 

% 

Dirac, G. A. Colouring of maps. Nature 169:664; April 19, 1952. 
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Abraham, R. M. Paper folding. Winter Nights Entertainments. New York: Dutton, 
1933. p. 23-48. 
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50:645-49; 1950. 
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Englehardt, Paul and Lillack, A. Papier gestaltung. Leipzig, 1926. 

Paper-folding, p. 8-18; paper knots, p. 46-47. 

Fourrey, E. Procedes originaux de constructions geometriques. Paris, 1924 
Paper- folding, p. 113-139. 

Gierke, Hildecard von and Kuczynski, Alice. Allerlei Papier arbeiten. Leipzig: 
Teubner, 1910. 73 p. 

Houdini, Harry. HoudinVs Paper Magic. New York: E. P. Dutton, 1922. 206 p. 

Huber, Johanna. Ein lustiges Faltbiichlein. Ravensburg: Maier, 1927, 1940. 55 p. 

Jones, Phillip S. The pentagon and Betsy Ross. M. T. 46:341-42; 1953. 

Joseph, Margaret. Hexahexaflexagrams. M. T. 44:247:48; 1951. 

Leeming, Joseph. Fun with Paper. New York: Frederick Stokes, 1939. 152 p. 

Leeming, Joseph. Paper-craft. Philadelphia: Lippipcott, 1949. 

Legman, G. Bibliography of paper-folding. Journal of Occasional Bibliography. 
1952. 6 p. 

Contains approximately 150 references. 

Legman, G. Paper-folding. Magical. May 1952. p. 4-5: 

Bibliography, 40 references, many of which are unfortunately inaccessible; v 
books only. 

Lotka, A. J. Construction of conic sections by paper folding. S. S. M. 7:595- 
97; 1907. Also, Scientific American Supplement 73:112; February 17, 1912. 

Luchia, Antonio and Corina Luciani de. El Plegado y cartonafe en la escuela 
primaria. Buenos Aires, 1940. ... 

Montero, N. El Mundo de Papel. Vallodolid, 1939. 

Morley, F. V. Paper- folding. A?n. M. Mo. 31:237-39; 1924. 

Murray, W. D. and Rigney, F. J. Fun with Paper Folding. New York: Revell, 
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Osborne, Thomas J. Napkin Folding. Philadelphia: the author, 1945. 48 p. 

Earlier edition entitled: “Fun at Dinner with Napkin Folds.” 

Ransom, W. R. A six-sided hexagon. S. S. M. 52:94; 1952. 

Ranucci, Ernest. Pop-ups. The New Jersey Mathematics Teacher 12:3-6;. 1956. 
Flat assemblies which open up into the third dimension. 

Rothe, Richard. Fatten und Formen mit Papier. Wien: Deutscher Verlag fiiv 
Jugend und Volk, 1923. 154 p. 

Row, T. Sundara. Geometrical Exercises in Paper Folding. Madras. 1893. (Trans, 
by Beman & Smith, Chicago: Open Court Publishing Co., 1905, 1941. 148 p.) 

Rupp, C.-A. On a tran s f ormation by paper folding. Am. M. Mo. 31:432-35; 1924. — 

Sarasas, Mrs. Claude. Origami: Folding Paper for Children. Tokyo, 1951. 53 p. 

Saupe, Ethel. Simple paper models of the conic sections. M. T. 48:42-44; 1955. 
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1926. 

Trigg, C. W. Configuration generated by folding a square. Scrip. M. 21:77-80; 
1955. 

Trigg, C. W. Folding an envelope into tetrahedra. Am. M. Mo. 56:410-12; 1949. 
Trigg, C. W. Folding a hexahedron. M. Mag.' 28:34; 1954. 

Trigg, C. W. Folding tetrahedra. Am. M. Mo. 58:39-40; 1951. 

Trigg, C. W. Geometry of paper folding. S.S. M. 54:453-55; 1954. 
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Trigg, C. W. Geometry of paper folding. S. S. M. 54:683-89; 1954. 

Trigg, C. W. Problem 2184. S. S. M. 50:407-408; 1950. 
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. Yapur, Rufino. Plegado. Buenos Aires, 1939. 

- Yates, Robert C. Folding the conics. Am. M. Mo 50:228-30; 1943. 

- Yates, Robert C. Paper folding. N. C. T. M., 18 th Yearbook , 1945. p. 154-59. 

Yoshizawa, Akira. The New Art of Paper Folding. (In Japanese). Tokyo, 1954. 
62 p. (Box No. 3, Ogikubo Post Office, Suginami-Ku, Tokyo-To, Japan) 
Despite language barrier, diagrams and directions are exceptionally clear. 

4.9 Unicursal Problems — Labyrinths 

Ball, W. W. R. and Coxeter, H. S. M. Unicursal problems. Mathematical Recre- 
ations and Essays. London: Macmillan, 1942. p. 242-66. 

Braune, R. Die Vielpassaufgabe. Z. M. N. U. 51:23; 1920. 

Dostal, H. Zur Vielpassaufgabe. Z. M. N. U. 51:204; 1920. 

Graham, J. L. Experiment in generalizing; a unicursal problem. Journal of Ex- 
perimental Psychology 23:96-100; 1938. 

“Labyrinths.” Architectural Journal, Vol. 15. p. 216. 

Lietzmann, Walter. Labyrinthe. Z. M.N. U. 61:128-31; 1930. 

Longman, Harry. Web routes. Scrip. M. 18:162| 1952. 

Tucker, A. N. A Christmas maze to occupy your holidays. S. S. M. 47:761; 1947. 
Wilson, J. C. Traversing of Geometrical Figures. Oxford: 1905. 



Chapter 5 




U NDOUBTEDLY of Chinese, or at least Oriental origin, magic squares seem 
always to have been associated with mysticism. Through the -ages they 
have been used in fortune telling and as talismen and amulets. Often 
they were associated with the symbols of the alchemist; and they played a 
significant role in the cabalistic writings of the Hebrews. 

Although the theory, of third-order squares is simple and complete, no 
completely general methods of construction are known, nor has a complete 
count of magic squares of all orders ever been made. Magic squares may be 
derived from a given arrangement by various transformations, such as mirror 
reflection, rotation through 90°, cyclic interchange of rows or columns or 
both, and, in the case of even-order squares, by simpfe interchange of oppo- 
site quarters. 

In addition to ordinary magic squares, a number of interesting varieties 
are to be found: bordered squares, i.e., squares within squares; pandiagonal 
squares, i.e., squares that are magic along the broken diagonals as well as 
along the two main diagonals; symmetric squares, i.e., squares of order n 
such that the sum of any two numbers in skewly related cells shall be con- 
stant and equal to re 2 -f 1; magic squares of nonconsecutive numbers; 
doubly -magic squares; magic domino squares; magic cubes; magic circles; 
interlocked hexajgons; composite squares; and so on. 

The theory and- construction of magic squares is related to lattice theory. 
Indeed, as James Byrnie Shaw has aptly said: “Latin squares, magic squar6s, 
linkages, polyhedra, crystals, groups, properties due to singularities, auto- 
morphic forms, lattices, topology, isomers, isotopes, valences, equivalences, 
syzygies, systems of forms, transitivity, linear dependence, functional de- 
pendence, and many other related topics all are fundamentally based on 
symmetries of some sort.” Is it any wonder that magic squares are so 
fascinating? 

% 

5.1 Books— 1900-1924 

Ahrens, Walter. Hebraische Amulette mit magischen Zahlenquadraten. 1919. 
Ahrens, Walter. Die magischen Zahlenquadrate. 1915. 

— Ahrens, Walter. Planetenamulette. 1920. 

Andrews, W. S. Magic Squares and Cubes. Chicago: Open Court Pub. Co., 1908, 
1917. 199 p. * 
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Barbette, Edouard. Les caries magiques da mieme ordre. Liege: A. Pholien, 
1912. 

Barbette, Edouard. Les piles merveilleuses, Liege:, A. Pholien, 1912. 16 p. 

Barbette, Edouard/ ''Sur les canes parimagiq uesr. Bruxelles: Hayez, 1913. 

Bragdon, Claude. Ornament from' Mathematics. Architecture and Democracy 
0 New’ York: Alfred Knopf, 1918. 1). 77-103. . 

Gratzinger. Ttilismanische Damonolqgie. 1920.' 

Hellenbach von Eaczolay, Lazar. -Dig^Magie der Zahlen als Grundlage aller 
Mannigfaltikeit und das scheinbare FaTtsi}. 4. Aufl. Leipzig: 0. Mutze, 1923. 

Laarss, H. Das Geheimnis der Amulette.AL9X9i 

Laffite, Prosper de. Le carre magique de 3: Solution generale-ulu probleme. 

" Paris: Gauthier-Villars, 1904. 32 p. 

Laffite, Prosper de. Essai sur le carre magique de n nombres. Agen: 1906. 

MacMahon, P. A. Magic Squares and Other Problems. 1902. 

Margossian, A. De Vordonnance des nombres dans les carres magiques impairs 
( procedes generaux pour leur construction immediate). Paris: A. Hermann, 
1908. 

Portier, B. Le carre cabalistique de 8. 1902. 

Portier, B. Le carre panmagique. 1904. 

Rilly, Achille. Etude sur les triangles et les carres magiques aux deux premiers 
Degres. Troyes: 1901. , 

Rilly, Achille. Liste des 38,039 suites bimagiques de 8. Troyes: the author, 
1906. 

Riollot, J. Les carres magiques; contribution a leur etude. Paris: Gauthier- 
Villars, 1907, 1912. 120 p. 

Rocktaschel, Ernst Albert. Qeheimnisse des Steines der W eisen. Mit 201 
Bildern oder Zeichnungen aus dem Steine der W eisen. Zittau: E. A. Rock- 
taschel, 1913. 

Salomon, C. Essais de Magie arithmetique polygonale. L’Etoile magique a 8 
branches (24 points) et les etoiles hypermagiques impaires (3 n points). 
Paris: Gauthier-Villars, 1912. 24 p. 

Salomon, C. Nouveaux essais de Magie arithmetique polygonale. Etoiles magiques 
a 10 et 12 branches (30, 36, 48 points) et hexagones et octogone magiques. 
Paris: Gauthier-Villars, 1913. 28 p. 

Salomon, C. Questions inedites de Magie arithmetique polygonale. Etoiles 
magiques a 8, 16 et 20 branches (24, 64 et 100 points) et rosaces hyper- 
magiques (16, 25 et 36 points). Pans: Gauthier-Villars, 1913. 22 p. 

Schubert, Hermann C. H. The 'magic square. Mathematical Essays and Recre- 
ations, Chicago: 1898, 1910. p. 39-63. 

Smith, D. E. and Mikami, Y. A History o / Japanese Mathematics. Chicago: Open 
- Court Publishing Co., 1914. p. 290-93. . 

: G. Le car cEtrwiagique de 128 r 1906. > _ _ — - 
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Tarry, G. Carres cabalistiques Eulericns. 1904. 



Thomas, William Nash. A Mathematicql Curiosity. Logan, Utah: 1917. 

A single sheet, containing the numbers from 1 to 2500, arranged in a magic 
square, and having “a total of 62.525 in 102 different ways.” In Library 
of Congress. 



\\ 1.101' vi ana.- 4. G. H. /mi bet quadrate and rindere magisrhe Y. allien flgllTcn dvr 
Ebcne urul des Raurnes. Leipzig: Leiner, 1922. 

Willis, J. Magic Squares and Cubes. 1909. p 



5.2 Contemporary Books — From 1925 On 

Aubry, A. Carres rnagiques impairs. 1928. 

Ahpic, Jan. Les carres rnagiques. 1932. 

Ball, W. W. R. and Coxeter, H. S. M. Magic squares. Mathematical Recreations 
and Essays. London: Macmillan, 1942. p. 193-221. 

Bragdon, Claude. Man: The Magic Square. The New Image, New York: Alfred 
Knopf, 1928. p. 161-73. 

Burnett, (Major) J. C. Easy Methods for the Construction of Magic Squares. 
London: Rider & Co.. 1936. 77 p. 

Candy, Albert L. Construction, Classification and Census of Magic Squares of an 
Even Order. Ann Arbor, Mich.: Edwards Bros.. 1937. 

Candy, Albert L. Construction, Classification and Census of Magic Squares of 
Order Five. Lincoln. Nebraska; the author, 1938. Revised, 1939! 

Candy, Albert L. Pandiagonal Magic Squares of Composite Order. Lincoln, Ne- 
braska: the author, 1941, 

Candy, Albert L. Pandiagonal Magic Squares of Prime Order. Lincoln, Ne- 
braska: the author, 1940. 

Candy, Albert L. Supplement to Pandiagonal Magic Squares of Prime Order. 
Lincoln, Nebraska: the author, 1942. 

Cazalas, General. A travers les hyperspaces rnagiques. Brussels. Belgium: 
Librairie du Sphinx. (Pamphlet) 

Cazalas, Jean J.A.M.E. Carres Rimagiques. (Two Essays). 1927. 

Cazalas, Jean J.A.M.E. Carres rnagiques au degre n series numerates de G. v> 
Tarry. Avec un aper^u historique et une bibliographic des figures-magiques. 
Paris: Hermann et Cie., 1934. 192 p. 

Valuable bibliography*, p. 167-91. 

Delesalle, A. Carres Magiques. Paris: Gauthier-Villars, 1955. 70 p. 

Dellacasa, Luciano. Sui quadrati magici. 1931. ^ 

Driel, M. J. van. Magic Squares of (2n + I f Cells; avec sommaire: Les carrcs 

rnagiques impairs. London: Rider and Co.. 1936. 90 ,p. 

» 

Driel, M. J. van. A Supplement to Magic Squares of (2n + 1/ Cells. London: s 
Rider and Co., 1939. 
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Fitting, Friedrich. Panmagische Quadrat e und m aeische-Sternireleeke: Leipzig" 
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Fittinc, Friedrich. Rein Mathematische Behandlung des Problems der magischen 
Quadrate von 16 utid 64 Feldern. 1931. 

Frenicle de Bessy, Bernard. Frenicles 880 Basic Magic Squares of 4 X 4 Cells, 
Normalized, Indexed, and Inventoried (pnd recounted as 1232 ) by K. H. de 
Haas. Rotterdam: D. van Sijn and zonen, 1935. 

Kletler, Bruno. Magische Zahlenquadrate: mechanische gemeinverstandliche 
Losungen fur alle Arten von Quadraten. Fritzens-Wattens, Tirol, Selbstverlag, 
1930. Wien: Braunmiiller, 1930. 55 p. 

Kowalewski, Gerhard. Magische Quadrate und magische Parkette. Leipzig: 
K. F. Kohlers Antiquarium, 1937. 

Kraitchik, Maurice. Magic Squares. Mathematical Recreations. W. W. Norton, 
1942. p. 142-92. 

Kraitchik, Maurice. Traite des carres magiques. Paris: Gauthier-Villars, 1930. 

108 p. 

Lehmann, Max. Neue mathematische Spiele fur die Jugcnd: Der geometriche. 
Aufbau gleichsummiger Zahlenfiguren. Wiesbaden: Schellenberg, 1932. 384 p. 

Comprehensive discussion, devoted entirely to magic squares. 

Lewis, Sister* Mary Teresine. Construction and Application of Magic Rectan- 
gles Modulo p, for Small Values of p. Catholic University of America, 1947. 

Maack, Ferdinand. Die astrologische Bedeutung der magischen Quadrate. 1925. 

Maack, Ferdinand. Die heilige Mathesis; Beitrdge zur Magie des Raumes und 
der Zahl. Leipzig: R. Hummel, 1930. 

Maack, Ferdinand. Talisman Turc; ein Beitrag zur magisch-quadritischen Dechif- 
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magischer Quadrate soivie zur ivissenschaftliche Periodologie. Radeburg bez. 
Dresden: Dr. Madaus & Co., 1926. 



Marder, Clarence C. The Intrinsic Harmony of Number. New York: E. B. 
Hackett, Brick Row Book Shop, 1940. 



McDonald, K. Magic Cubes Which Are Uniform Step Cubes. University of Cali- 
fornia, 1934. 35tf. (Pamphlet) 



Meister, Fr. Magische Quadiate. Zurich: Verlag von Ernst Wurzel, 1952. 71 p. 
Bibliography of 140 items, from 1668 to 1939. 



Sauerhering, Friedrich. Magische Zahlenquadrate; eine gemeinverstandliche 
belehrende Darstellung mit einigen neu ermittelten Losungen. Lindenthal: 
Wellersberg-Verlag, 1926. 



Schaefer, A. Die magischen Quadrate. Leipzig: Teubner, 1935. 






Stern, Erich. Nouvelle methode pour construire et denombrer certains carres 
magiques d'ordre 4 m avec applications aux parcours magiques (Trans, from 
German of E. Cazalas.) Bruxelles: Librairie du “Sphinx,” 1937. 20 p. 
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Bernhard, H. A. A simple method of generating a magic square of doubly even 
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Chapter 6 



T his celebrated theorem is notable, first because of the rich historical 
associations suggested thereby; secondly, because of the amazing variety" 
of proofs which nave been given; and thirdly, because further exploration 
quickly leads to interesting and perhaps unsuspected byways, such as the 
Golden Section, dynamic symmetry, logarithmic spirals, angle trisection, 
duplication of the cube, squaring the circle, determination of the value of 7 r, 
the concept of the irrational number, regular and star polygons and poly- 
hedra, theory of numbers, constructibility of angles and pqlygons, continued 
fractions, phyllotaxy, musical scales, Diaphontine equations, Heronian tri- 
angles, and Pythagorean number lore. 

Two works are of particular interest: the brief monograph by Loomis, 
which gives over 200 proofs of the theorem, and the stimulating tract by 
Naber, which is unusually suggestive with respect to the ramifications of the 
theorem. 
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O ver two thousand years ago Greek mathematicians devoted themselves 
to certain problems which have engaged the attention of men ever 
since. The many attempted solutions and the spirited controversies 
which these prqblems created through the ages served to stimulate immensely 
the development of mathematics, particularly algebra, equation theory, geom- 
etry, theory of numbers, group theory, and analysis. 

Three of these problems are usually thought of together, namely: (a) tri- 
secting an angle, (b) duplicating a qube, and (c) squaring a circle. As pro- 
pounded by the Greeks, all three problems were to be solved by “pure 
Euclidean” methods— that is, by the use of compasses and the unmarked 
straightedge only. With this limitation — the use of straight lines and circles 
a ] one — none of these three problems can be solved. But this fact was not 
proved until about 1800. Nevertheless, each passing year witnesses stubborn 
attempts, on the part of laymen and amateurs alike, to tackle one or another 
of these famous “unsolved” problems and so achieve immortality. 

Also of great concern to the Greeks were the famous paradoxes of Zeno. 
Somewhat different from the classical constructions, they, presented an im- 
posing challenge to the imagination — a challenge which, in slightly different 
form, plagues the mathematician even today. What is involved is nothing 
less than the concepts of infinity and continuity, ideas which lie not only at 
the roots of modern analysis, but at the very foundations of mathematics 

itself. 



7.1 Classical Constructions 

Archibald, R. C. Gauss and the regular polygon of seventeen sides. Am. M. Mo. 
26:137; 1919. 

Bussey, W. H. Geometric constructions without the classical restrictions to ruler 
and compasses. Am. M. Mo. 43:265-80; 1936. 

Carslaw, H. S. On the constructions which are possible by Euclid’s methods. 
M. Gaz. 5:171; 1910. 

Clark, M. E. Construction with limited means. Am-. M. Mo. 48:475-79; 1941. 
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7.2 Trisecfi ng Arh Angle 

In many ways, this has become the most famous of the three ancient problems 
— also the most tantalizing. It is so easy to bisect any angle ! 

Both the trigonometric and the algebraic analyses of the problem lead to an 
equation of the form x 3 ~ 3% 2 — 2a — 0. The question then arises : for all values 
of a, is it possible to find a root x of this equation by means of compasses and 
straightedge alone? Modern mathematics has given an unequivocal answer: No. 
For it has been shown that with the straightedge and compasses together, and 
no other instruments, it is possible to make only those constructions which are 
algebraically equivalent to a finite number of operations of addition, subtraction, 
multiplication, division, and the extraction of real square roots involving given 
lengths. Yet despite this irrefutable evidence, the race of . angle-trisectors, as 
R. C. Yates has suggested, is indeed a hardy one. 

It remains to be pointed out,' of course, that not a few constructions with 
straightedge and compasses yield remarkably close approximations for trisecting 
a given general angle. Some of them are so close that their discoverers often 
delude themselves; indeed, the mistakes in the purportedly exact constructions 
are often extremely difficult to detect. ' 

“A propos du Probleme de la Trisection de l’Angle.” Mathesis 50:266-75; 1936. 

Archibald, R. C. Bieberbach’s trisection method. Scrip. M. 4:98-99; 1936. 

Backus, A. D. Trisecting that angle. Industrial Arts and Vocational Education 
33:390; 1944. 

Ball, W. W. R. And Coxeter, H. S. M. Trisection of an angle. Mathematical 
Recreations and Essays. London: Macmillan, 1942. p. 333-35. 

Bennecke, F. n-Teilung beliebiger Winkel fur alle rationalen Zahlen n. Z. M. 
N. U. 65:274-79; 1934. 

Berger, E. J. A trisection device based on the instrument of Pascal. M. T. 45: 
287+; 1952. , ». 

Berkel, E. Mechanical trisector. Sci. Am. 113:519; 1915. 

Borriero, Antonio. La trisezione dell’angolo e la risoluzione dell’equazione 
cubica. Bolletdno di Matematica. Nuova serie. 1923. p. 25-30. 

Breidenbach, Walter. Die Dreiteilung des Winkels. Leipzig und Berlin: B. G. 
Teubner, 1933, 1951. 54 p. 

Candy, A. L. The trisection of an angle. Kansas University Quarterly 2:35-45; 
1894. 

Daniells, Marian. The trisector of Amadori. M. T. 33:80-81; 1940. 

Durham, R. L. A simple construction for the approximate trisection of an angle. 
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Enriques, F. Verdoppelung des Wiirfels, Dreiteilung des Winkels. Fragen der 
Elementargeometrie, 2 Teil, 2nd edition. Leipzig: 1923. p. 189-226. 

Ferguson, D. F. Geometrical construction for the trisection of an angle to any 
required degree of accuracy. M. Gaz. 9:373; 1919. 
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Yates, Robert C. A rose linkage, trisection, and the regular heptagon. S. S. M. 
39:870-72; 1939. 

Yates, Robert C. Trisection. The Pentagon 3:20-27; 1943-44. 

Yates, Robert C. Trisection. N. C, T. M., 18th Yearbook, p. 146-53. 1954. 

Yates, Robert C. The trisection problem. ,V. M. M. 15:129-42, 191-202, 278-93; 
1940-41. 16:20-28, 171-82; 1911-42. 

Yates, Robert C. The Trisection Problem. Ann Arbor, Michigan: Edwards Bros., 
1942, 1947. 68 p) 

A refreshing treatment of a hoary problem; many solutions, historical 
notes, interesting sidelights. 

Yates' Robert C. A trisector. ,V. M. M. 12:323-24; 1938. 

7.3 Duplicating a Cube 

Allman, G. J. Greek Geometry from Thales to Euclid. Dublin: 1889. p. 84 ff., 
110 ff„ 157 ff., 173 ff. ’ - . .. 

Ball, W. W. R. and Coxeter, H. S. M. Duplication of the cube. Mathematical 
Recreations and Essays. London: Macmillan, 1942. p. 327-33. 

Brkidenbacii, Walter. Das Delische Problem (Die Verdoppelung des Wiirfels). 
Leipzig: B. G. Teubner, 1952. 59 p. 

Cressey, Charles. Spheres . . . and Cubes as Doubled Volumes. San Francisco, 
Calif.: the author; McDougall Press, 1949. 17 p. 

Dmitrovsky, A. A. Approximate solution of the problem of the duplication of 
the cube. S. S. M. 13:311-12; 1913. 

“Duplicating the Cube, Almost. 1 ’ Scientific American Monthly 3:364; April 1921. 
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ff., 180 ff., 263 ff. 

Graesser, R. ■F. Archytas’ duplication of the cube. M. T. 49:393-95; 1956. 

Heath, T. L. A Manual of Greek Mathematics. London: Clarendon Press, 1931. 
p. 154 ff. 

Herrmann, A. Das Delische Problem (Die Verdoppelung des Wurfels.) Leipzig: 
1927. 

Jones, Phillip S. Lill’s method for evaluating polynomials. M. T. 46:35-37; 1953. 

Reference to an ancient Greek mechanical device for solving a continued 
mean proportion. 

Klein, Felix. Famous Problems in Elementary Geometry. (Trans, by W. W. 
Beman and D. E. Smith). 2nd enlarged edition. Boston: Ginn and Co., 1897. 
New York: Stechert, 1930. 

Mackay, J. S. The ancient methods for the duplication of the cube. Proceedings, 
Edinburgh Mathematical Society 4:2-20; 1886. 

McClelland, H. H. Duplication of the cube. M. T. 46:108-109; 1953. 

Roeser, H. The derivation and applications of the conchoid of Nicomedes and 
the cissoid of Diodes. S. S. M. 14:790-96; 1914. 

Rupert, W. W. Famous Geometrical Theorems and Problems. Boston: D. C. 
Heath, 1900. (Pamphlet) 

Weaver, J. H. The duplication problem. Am. M. Mo. 23:106-13; 1916. 

Weaver, J. H. Pappus’ solution of the duplication problem. S. S. M. 15:216-17,-* 
1915. ' > 

7.4 Squaring a Circle 

-• ‘a 

' In this classical problem the goal was to deterriiine the side of a square 
whose area should be equal to that of a given circle. Strictly speaking, this 
is no more a recreation, in one sense of the term, than the trisection of an -■ 
i angle or the duplication of a cube. Yet the problem has a long and honor- . 
able history. , • 

About 200 years ago it was shown that it is incommensurable. Toward 
the close of the 19th Century the transcendence of it was established. Until, 
then the endless futile attempts to solve the problem had led to innumerable*'' 
fruitful discoveries. Since then, of course, interest in the problem has all 
but disappeared, although the tribe of would-be circle-squarers has 'not y r et 
completely vanished. It probably never will, any more than the select coterie 
of angle-trisectors, and those who would demolish non-Euclidean“ geometry 
as unthinkable. „ .. 

The history of the problem has been well documented: for * example, 
Montucla’s Histoire des Recherches sue la Quadrature du Cercle, edite<^by 
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P. L. Lacroix, appeared in 1831. The inveterate debunker Augustus De- 
Morgan wrote many articles on the subject, particularly in his Budget of Para- 
doxes, (1872). E. W. Hobson’s history of the problem (see below) first ap- 
peared in 1913. 

Ball, W. W. R. and Coxeter, H, S. M. Quadrature of the circle. Mathematical 
Recreations and Essays. London: Macmillan, 1942. p. 335-49. 

Ballore, R. de Montessus DE. La i cercle. La Nature 61:273-75; 



Barolet, H. La quadrature du cercle. La Nature 65:81-82; 1937. 

Beutel, E. Die Quadratur des Kreises. Leipzig: Teubner, 1913, 1920, 1951. 63 p. 



Bussey, W. H. Geometric constructions without the classical restriction to ruler 
and compasses. Am. M. Mo. 43:265-80; 1936. 



stitute 108:45, 105-109:409. 111:379. 

Colwell, Lewis W. A simple method of rectifying small circles. S. S. M. 42:419- 
20; 1942. 

Cressey, Charles. Squared Circles and . . . Spheres . . . Cubed Spheres . . . and 
Related Equivalents. San Francisco, Calif.: the author, 2135-28th Ave., 1949. 

26 p. 

/• 

Dehn, M. and Hellinger, E. D. Certain mathematical achievements of James 
Gregory. Am. M. Mo. 50:149-63; 1943. 

Dingeldey, F. Zur Euler-Goringsfihen Rektifikation des Kreises. Z. M. N. U. 33:*^ 
^*S&8; 1902. 

Enriqu^K F. fiber die transzendenten Aufgaben, insbesondere iiber die Quad- 
raturen des Kreises. Fragen der Elementargeometrie. 2 Teil. 2nd edition. 
Leipzig: 1923. p. 267-326. 

Gridgeman, N,_T. Circumetrics. Sri. Mo. 77:31-35; July 1953. 

Hayn, Julius. Can the sinusoid or sine- curve of trigonometry “square the cir- 
cle”? School Magazine 7:321-23; 1924. 

Heath, T. L. A History of Greek Mathematics. Vol. 1. London: Clarendon Press, 
1921. p. 220-32. 

Heisel, Carl T. The Circle Squared Beyond Refutation: Behold! The Grand 
Problem No Longer Unsolved. 2nd edition. Cleveland. Ohio: 1934. 278 p. * 

Hobson, E. W. Squaring the Circle; A History of the Problem. Cambridge Univ. 
Press, 1913. 

Hobson, E. W. Squaring the Circle: A History of the Problem. New York: Chel- 
• sea Publishing Co., 1953. (Reissue; bound with A. B. Kempe: Hmv To Draw 
a Straight Line, H. P. Hudson: Ruler and Compass, and so on.) 110 p. 



1933. - 

Baravalle, H. von. The number tt. M. T. 45:340-48; 1952. 




Brown, E. R. tt and James Smith. Discovery 5:58-60; 1924. 



Chase, P. E. Approximate quadrature of the circle, journal of the Franklin In- 
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Beman and D. E. Smith). Boston: Ginn and Co., 1897. New York: G. E. 
Stechert, 1930. Chapter 3. 
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17:81-82; 1942. 

ft MukundA Marar, K. and Rajagopal, C. T. On the Hindu quadrature of the cir- 
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65-82; 1944. 

1 
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Magazine Section, May 1936. p. 4-5. 
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Heath, 1900. p. 39-58. (Pamphlet) 

Schmidt, C. H. L. Konstruktion des Quadrates des Kreises. Z. M. N. 1 7. 43:125; 

1912. " 

Schubert, Hermann. The squaring «f the circle. The Monist 1:197-228; 1891. 

Schubert, Hermann. The Squaring of the Circle. Smithsonian Report to July . 
1890. 'Washington, D. C.: Government Printing Office, 1891. 

Schubert, Hermann. Squaring the circle. Mathematical Essays and Recreations. 
Chicago: Open Court Publishing Co., 1910. p. 112-43.- 

Smith, D. E. History of Mathematics, Vol. II. Boston: Ginn. 1925. p. 298, 302-13. 

Sornito, Juan E. Squaring a circle. M. T. 50:51-52; 1957. | 
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7.5 History and Value of Pi M 

The various values assigned to 7 r at different times and the numerous 
attempts to find more precise approximations constitute a fascinating story, 
from Archimedes’ value 3V 7 > tt > 3™/ n to Shanks’ computation to 707 
decimal places in 1873-74. During the 18th and 19th Centuries the number 
:r occupied the attention of mathematicians (including maoy amateurs) in 
connection with the problem of the quadrature of the circle. Btathusiasm 
for that problem diminished, however, when in 1882 Lindeman proved that 
t T is transcendental, although the race of circle-squarers is a hardy one. 

Popular interest in the computation of the value of 7 r was revived late in 
1949 when the ENIAC, an electronic computing machine at the U. S. Army’s 
Ballistic Research Laboratories at Aberdeen, Md., computed tt to 2035' 
places certain in about 70 hours of the machine’s running tjme. 

“Approximate/ Construction of Jt.” The Pentagon 7 :87-88’; 1948. 

Apt, F. Bere/hnung von Naherungswerten von* tt aus quadratischen Gleichun'gen. 
Z. M. Nj U. 57 : 404+ ; 1926. 

Apt, F. Ptyysikalisch-geometrische Bestimmung von tt. Z. M. N. U. 58:418+, 
1927. j 

Audisio, Fausta. II numero tt. Periodici di Matematici 11:11-42, 149-50; 1931. 
Bakst, Aaron. Mathematical recreations: problems associated with Jt. M. T. 
45:443-44; 1952. 

Ball,/W. W. R. and Coxeter, H. S. M. Mathematical Recreations and Essays. 
yNew York: Macmillan, 1942. p. 335-49. 

Ba/lentine, J. P. The best ( ? ) formula for computing tt to a thousand places. 
/ Am. M. Mo. 46:499-501; 1939. 

Baravalle, H. The number tt. M. T. 45:340-48; 1952. 

Very stimulating article. 

Barbour, J. M. A 16th Century Chinese approximation for tt. Am. M. Mo. 40:69- 
73; 1933. 

Barolet, H. La machine a calculer le nombre tt. La Nature 65:466-68; Novem- 
ber 1937. 

Bennett, A. A. Two new arctangent relations for tt. Am. M. Mo. 32:253-55; 
1925. 

Bortolotti, Ettore. Sul numero Jt. Periodico Matematiche 11:110-13; 1931. 
Brosch, C. T-Konstruktion. Z. M. N. U . 43:416+ ; 1912. 

Brown, E. R. tt and James Smith. Discovery 5:58-60; May 1924. ' /v 

Camp, C. C. A new calculation of tt. Am. M. Mo. 33:472-73; 1926. 

Carnahan, Walter. Pi and probability. M. T. 46:65-66, 70; 1953. 
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York: Prentice-Hall, 1941. p. 293-97. 
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p. 118-19. 

Hope-Jones, W. Approximations to tr. Scrip. M. 8:14; also, M. Gaz. 23:284; 1941. 
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12; 1919. ‘ 
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Scrip. M. 18:25-30; 1952. 
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ory’s series. Scrip. M. 17:65-74; 1951. 
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Read, C. B. A note on tr. M . T. 43:209; 1950. 
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Reitwiesner, G. W. An ENIAC determination of tt and e to more than 2000 
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15; 1950. 
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Mifflin, 1930. p. 187-89. 

Schepler, Herman. The chronology of pi. M. Mag. 23:165-70, 216-28, 279-83; 

. 1950. 

Schoy, C. Al-Biruni’s computation of the value of tt. Am. M. Mo. 33:323-25; 
1926. 

Schwartz, A. Evaluation of 'rr in elementary geometry. S. S. M. 11:791-93; 1911. 

Scifres, Eugene M. Calculating -tt. Duodecimal Bulletin 3:23-24; February 1947. 
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Wrench, J. W. On the derivation of arctangent equalities. Am. M. Mo. 45:108- 
•109; 1938. ' 

Young, J. W. A. Monographs on Modern Mathematics. New York: Longmans 
Green & Co., 1915. Chapter IX. 

7.6 Zeno’s Paradoxes 

Nearly 2500 years ago, mathematicians and philosophers were greatly 
concerned by certain paradoxes involving the notion of the infinite. Modern 
mathematicians are equally puzzled by these paradoxes. 

The famous paradoxes on motion, propounded by Zeno about 500 B. C., 
included: , 

1. the Dichotomy — that motion is impossible, because a moving object 
must arrive at the middle before it reaches the end ; 

2. Achilles and the Tortoise — if the tortoise is given a head start, Achilles 
can never overtake him; t . 

3. the Arrow — which must either move where it is or move where it 
isn’t, and so, although in flight, it is always motionless; 

4. the Stadium— in which it appears that a given time interval is equiva- 
lent to an interval twice as great. 

Beneath the apparent sophistry of these contradictions there lie subtle and 
elusive ideas of the most profound sort. Many explanations of the paradoxes 
have been offered over the years. Their meaning depends upon what inter- 
pretation is given to the logical foundations of mathematics — an area in 
which modern mathematicians are very far from being in agreement. 

Altshiller-Court, Nathan. The motionless arrow. Sci. Mo. 63:249-56; 1946. 
Good discussion. 

Bolzano, Bernard. Paradoxes of the Infinite. New Haven: Yale University Press, 
1950. 189 p. 

Cajori, Florian. The history of Zeno’s arguments on motion ; phases in the de- 
velopment of the thebry of limits. Am. M. Mo. 22:1-6, 39-47, 77-82, 109-15, 
143-49, 179-86, 215-20, 253-58, 292-97; 1915. 

Extensive bibliography. 
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Grunbaum, Adolph. A consistent conception of the extended linear continuum 
as an aggregate of unextended elements. Philosophy of Science 19:288-306; 
1952. 
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Ramsey, F. P. Achilles and the tortoise. Forum 78:430-34, 79:262-63, 80:454-57, 
480; 1927-28. 

Schlegel, Richard. Quantum mechanics and the paradoxes of Zeno. American 
Scientist 36:396-402+ ; 1948. 

Shwistek, Leon. Zeno’s argument about motion. The Limits of Science. New York: 
Harcourt, Brace, 1948. p. 192-97. '. . 
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} 









& 























Chapter 8 






‘Ttfibcetlakieb 



8.1 Mathematics in Nature 



Long years before modern biology finally succumbed, as did the other physical 
sciences, to the relentless scrutiny of mathematical analysis, professional entomolo- 
gists as well as lay naturalists observed many instances of mathematical relation- 
ships in living forms — notably shells, flowers, spider webs, honeycombs, and the 
like. One of the most brilliant and prolific writers in this field was the late 
D’Arcy Thompson. Another astute observer was the naturalist Jean Henri Fabre, 
“poet and prophet of the insect world,” self-taught amateur mathematician, whose 
inimitable beauty of style is exemplified in the following passage: 

“With this weird number [e = 2.718 . . .] are we now stationed within the 
strictly defined realm of the imagination? Not at all: the catenary appears actually 
every time that weight and flexibility act in concert. The name is given to the 
curve formed by a chain suspended by two of its points which are not placed on a 
vertical line. It is the shape taken' by a flexible coed when held at each end and 
relaxed ; it is the line that governs the shape of a san bellying in the wind ; it is 
the curve of the nanny-goat’s milk-bag when she returns from filling her trailing 
udder. And all this answers to the number e . . . 

“What a quantity of abstruse science for a bit of string! Let us not be surprised. 
A pellet of shot swinging at the end of a thread, a drop of dew trickling down a 
straw, a splash of water rippling under the kisses of the air', a mere trifle, after 
all, requires a titanic scaffolding when we wish to examine it with the eye of 
calculation. We need the club of Hercules to crush a fly.” 



A. Form and Symmetry 

Coleman, S. and Coan, C. A. Proportional Form. New York: G. P. Putnam’s Sons, 
1920. 265 p. 

Discussion of mathematical forms in Nature. 

^ * 

Cook, T. A. Spirals in Nature and Art. London, - 1903. 

“Economy of Symmetry.” N. M. M. 12:210-12; 1938. 

Gardner, Martin. Is Nature ambidextrous? Philosophy and Phenomenological 
Research 13:200-11 ; December 1952. 

Illuminating discussion of symmetry, asymmetry, “left-right,” etc. 

Gardner, Martin. Left or right? Esquire, February 1951. 

Symmetry and asymmetry in Nature; excellent. 
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Chapter VI, p. 87-110. 

Gnomonic growth and logarithmic spirals in snowflakes, shells, and marine 
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Harwood, R. Geometry of flowers. School Arts Magazine 25:454-56; 1926. 



Holroyd, In a. Mathematical symmetry in Nature. Bulletin, Kansas Association of 

Teachers of Mathematics 21:8-11; 1946. 

. . ^ o 

Jaeger, F. M. Lectures on the Principle of Symmetry and its Applications in All 
Natural Sciences. Cambridge University Press, 1917. 
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Collection “Les Conferences du Palais de la decouverte.” 



Strache, Wolf. Forms and patterns in Nature. New York: Pantheon Books, 1956. ' 
Unpaged. 



Thompson, D’Arcy W. On Growth and Form. Cambridge University Press. New 
York: Macmillan, 1944. 1116 p. 

A well-known classic on the^elation of physical and biological principles 
to mathematical laws; geometric forms in nature and art. 
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8.2 Machines That Think 

Regardless of what the future historian may say, there is no doubt that 
developments during the last dozen years in the field of electronic computing 
machines have been little short of phenomenal. Amazingly enough, the rami- 
fications of these unbelievably rapid developments have gone far beyond 
computing even of the most elaborate sort. Apparently we are on the thresh- 
old of what is yet to come in the way of thinking machines, giant brains, 
logic machines, and machines that play tit-tat-toe, gin rummy, and chess. If 
ever man’s ingenuity and imagination have served him well, it is in this area. 
He has drawn upon material fron symbolic logic, Boolean algebra, and 
binary notation, and, with the aid of the electronics engineers, has boldly 
synthesized mechanisms which can handle information with uncanny skill 
and breath-taking speed. 
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Entire issue devoted to^SuMect of automation; many excellent articles on 
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8.3 Cryptography and Cryptanalysis 

The art" of writing secret messages is as old, presumably, as the human 
desire to convey information to certain individuals while withholding it from 
all others. Clearly this has utility for political and military purposes. The 
ability to read a secret message without having possession of the key, also 
a highly useful skill, has its sheer recreational and challenging aspects. 

The terms code and cipher are not to be confused. A code is a device which 
requires a code dictionary to write and to read, or, more precisely, to en- 
cipher and to decipher. An encoded message is shorter than the original, or 
plain-text message; a few consecutive letters may represent an entire para- 
graph. A cipher, on the other hand, is as long or longer than the plain-text 
message. 

Ciphers are of two general types: (a) transposition ciphers, in which the 
letters of the plain-text message are unchanged but their order is scrambled 
in some systematic manner; and (b) substitution ciphers, in which letters, 
or groups of letters, or. other symbols, are substituted for letters or groups 
of letters of the plain text. 

Thus when a bona-fide person in possession of the code book simply re- 
verses the process of encoding a code message, he is said to decode or to 
decipher it. When a person having ilo knowledge of the key to a cipher or 
cryptogram “breaks” the cipher, he is said to have solved it. The art of 
devising secret ciphers is called cryptography. The -art of breaking crypto- 
grams is known as cryptanalysis. 

Apart from the utilitarian and romantic aspects of 'secret messages, crypt- 
analysis offers an implied challenge to human ingenuity which is not easily 
resisted, and which intrigues many devotees to whom utility and sentiment 
are immaterial. 
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8.4 Probability, Gambling, and Game Strategy 



“To err is humane to forgive, divine.” Man errs frequently because of 
the uncertainties witli which he is beset. Human experience is steeped in 
probabilities. To be sure, some things are certain. The object dropped will 
surely fall to the ground. Five cards drawn from a deck at random will 
surely not contain five aces. Many other things are & equally certain. But 
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many more are subject to ‘^chance,” which means that we are not certain. 

In other words, we do not know; we are ignorant. It reminds one of the 
two perplexed weather bureau officials, one of whom suggests to the other: 

“Why don’t we just tell them the truth — either it will rain tomorrow or it ' * 

won’t.” 

Mathematicians have at various times espoused two principal approaches 
to the quantitative study of probability: (a) the subjective view, according 
to which probability describes the degree of certainty or uncertainty^ or the 
intensity of one’s belief; and (b) the statistical view, according to which 
probability is regarded as the relative frequency with which an event occurs 
in a certain category of events; or, popularly paraphrased, “that which 
usually happens we say is probable; the more often it has happened, the 
more likely it is to happerf again.” 

Both points of view have advantages as well as serious limitations. The 
calculus of probability (which draws freely upon both), has proved ex- 
tremely fruitful not only to physical scientists, but to economists, sociologists, 
and businessmen as well. The entire institution of modern insurance rests 
in large part upon probability theory. In recent times, the theory of proba- 
bility has seen brilliant advances such as those exemplified by sampling and 
quality control techniques on the one hand, and by the theory of games and 
strategy on the other — to*, cite but two of the most dramatic recent develop- 
ments.' * 
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A. Mathematics of Gambling — Bridge, Poker, and Dice - 
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8,5 The Fourth Dirriension 

.» *■ • . > .* v 

; . • . r „ •*.- <• ' ; - m ., “ ■ ’ 

• t This hoary anachronism should doubtless be left to sink into oblivion 
along .with- angle-trisection hnd perpetual- motion. • And yet — some rather 

‘ intriguing matters compel ouf attention.-; • 

For example, there were the machinations of the charlatan Zollne'r and 
his- spiritualistic friends, who-, toward the close of the 19th Century, insisted 
r that tre*. properties of .physical space- of. four-dimensions admirably accounted 
for otherwise inexplicable psychic phenotnena. Then there are the phenomena 

• of fcongruence, symmetry, asymmetry, - isomerism, polarization, and such, 

and their relation, to the'concept of -dimensionality* Curious, also, is the 
connection^ earnestly -professed by some, between religion and “the fourth 
dimension.” And not Without interest, is the -use^p'f four-dimensional con- 
figurations, or their projections, as a sjWreevof original design. Finally, we 
must not overlook the popular notion lhat, in relativity physics, time is the 
fourth dimension. „ • * 
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Kraitchik, Maurice. Mathematical Recreations. New York: W. . Norton, 1942. 

p. 199:209. '•*. * 

Larkin, JN. J. An Essay on a Species of Mosaic Pavement Formed of Right- 
angled Triangles of Different Colours. London: J. Taylor, 1818. , 

Includes method of computing the number of combinations possible. 

Levy, Lucien? L’Intermediare des Mathematiciens, Tome I. 1894. p. 147 -f». 
Discussion of star polygons. 

Levy, Lucien. Journal de M at liematiq ues E le me ntaire, 5 :96 ; 1891. 

Discussion of star polygons. 

Levy, Lucien. Sur les payages a Paid de pnlygones reguliers. Bulletin de la So- 
ciete Phiiomatique. Paris: 1891. 8ieme Serie, Tome HI. 

Lh.tzm ANN, Walter. Lustiges und Merkrviirdiges von Zahlen and Formen. 4th 



Bruckner, Max. Vielecke und Vielffachc. Leipzig: Teubner, 1900. p. 156-59. 



Dawson, T. R. Ornamental squares and triangles. M. Gaz. 30:19-21; 1946. 



Dietz. Ada K. Algebraic Expressions in Handwoven Textiles. Louisville, Ky.: 



edition. Breslau, F. Hirt, 1930. 307 p. 
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Discussion of parquet designs, p. 239-44. 

MacMahon, P. A. (Major). New Mathematical Pastimes. Cambridge University 
Press," 1930. p. 80-115. 

Unusual discussion of patterns formed from polygons either by coloring 
their compartments or by various transformations. 

MacMahon, P. A. (Major) . Pythagoras’s theorem as a repeating pattern. Nature, 
1922, 1909. p. 479, 579. 

Morgan, Thomas. Romano-British Mosaic Pavements. London: 1886. 

Nicolle, Jacques. La Symetrie et ses Applications. Paris: Albin Michel, 1950. 

Pelikan, A. G. Space-filling element in design. Industrial Arts Magazine 15:92- 
93; 1926. 

Richmond, C. A. Repeating designs in surfaces of negative curvature. Am. M. 
Mo. 44:33-35; 1937. 

Robin, Paul. Carrelage illimite en polygones reguliers. La Nature, Paris: Deuxi* 

erne Semestre. 1887. p. 95-96. , 

( I £ 

StHOREiw-Tapetenmtister und der Satz des Pythagoras. Z. M. N. U. 60:434-39; 
1929. \ ' ' 

Shaw, Henry, Specimens of Tile Pavements. London: 1858. 

Shorter, S. A. The mathematical theory of the sateen arrangement. M. Gaz. 10: 
* 92-97; 1920-21. \ 

Methods of arranging points on squared paper, each point being placed 
at the center of a; square. 

Speiser, Andreas. Theorie der Gruppen von endlicher Ordnung. 3rd edition. 
Berlin: J. Springer, 1937. 262 p. 

Material on the geometry of ornament and design; bibliography. 

Sykes, Mabel. A Source Book of Problems for Geometry, based upon Industrial 
Design and Architectural Ornament. Boston: Allyn & Bacon, 1912. 

Pages 1-149 treat of tile designs; parquet floor designs; repeating pat- 
terns, star polygons, rosettes, and such ; bibliography. 

Toth, L. Fejes. Lagferjungen in der Ebene, auf der Kugel und im Raum.. 1953. 

• j i 

Weyl, Hermann. Symmetry. Princeton, N. J.: Princeton University Press, 1952. 

i6 8p . / _ } ' 

White, Gleesox. Practical Designing. London: 1894. 

Chapters on designs for tiled floors, lindleums, and print fabrics. 

Wyatt, Matthew D. Specimens of Geometric Mosaics of the Middle Ages. Lon- 
don: 1848. 26 p. 



8.7 Dynamic Symmetry 

In the realm of art, the term symmetry generally refers to the relation of ( 
the parts of a design to the whole. Thus classical symmetry concerns the 
disppsition of the parts of a design, or the interrelationships between linear 
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dimensions of a design. Often based upon regular polygons or polyhedrons, 
it has been alluded to as Gothic symmetry, or static symmetry. , 

Dynamic symmetry, on the other hand, involves proportional areas. It is 
often thought of as an organic sort of symmetry, being exemplified in living 
organisms such as plants, flowers and leaves, and in the human figure. 

The principles of dynamic symmetry were rediscovered by the late Jay 
Hambidge some 35 years ago. As used by Hambidge, the term is peculiarly 
appropriate to describe proportioning of areas, stt?6e to the Greek mathe- 
matician Svvafiei ovfJLfiETpocr meant “commensurable in power,” particularly 
in a square. Thus the familiar root-n rectangles, the whirling square, and 
such, suggest the force of the term “dynamic.” 

Interestingly enough, the only peoples to use the principles of dynamic 
symmetry were the Greeks and the Egyptians. Even more interesting are the 
many ^bypaths into which the subject leads: (a) mathematics — the Golden 
section, Fibonacci numbers, continued fractions, the number system; (b) 
science— phyllotaxy, physiology, anat*omy; (c) the arts — sculpture, ceramics, 
painting, architecture, design, and modern advertising and printing layout. 




. Armfield, M. Dynamic symmetry and its practical value. International Studio 
74:76-85; 1921. 

Blake, Edwin. Dynamic symmetry; a criticism. Art Bulletin ( Providence,' -R. I.), 
3 0 : 107-27; 1921. 

Bowes, Julian. Dynamic symmetry. Scrip. M. 1:236-44, 309-14; 1933. 

* Scholarly and authoritative discussion. 

Bragdon, Claude. Dissertation on dynamic symmetry. Architectural Record 56: 
305-15; 1924. 

• * 

Bragdon, Claude. Observations on dynamic symmetry. Old Lamps ior New. New 
York: A. Knopf, 1925. 205 p. p. 85-95. 

BragdoN, Claude. Regulating lines. Architecture (N<# York) 64:329-34; 1931. 

Brown, F. G. Dynamic design. Everyman’ s Mathematics. London : Angus & Robert- 
son, 1947. 747 p. Chapter 20. p. 427-56. 

Burton, W. E. Dynamic symmetry improves photography. American Photography 
\ 37:8-11; 1943. 

J^ush, F. Anent pictorialism and dynamic symmetry. American Photography 28: 
414-20; 1934. % 

Caskey, Lacey D. Geometry of Greek Vases ; Attic vases in the Museum of Fine 
Arts analyzed according to the principles of proportion discovered by Jay 
Hambidge. Boston: Museum of Fine Arts, 1922. 235 p. 

Colwell, L. Root rectangles and classic art. Chicago Principals’ Club Reporter 
28:6-10; 1936. 

Custis, E. P. Dynamic symmetry for photographers. American Photography 41:8- 
12; May 1947. 41:8-12; June 1947. 

“Dynamic Symmetry.” Scientific American Monthly 4:23-28; 1921. 
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Trank, H. DynamiiTiTorrrsense, American Photography 29:742-46; 1935. 

Gardner, R. W. Standardized proportion of the Greek vase and ornament. Jour- 
nal American Ceramic Society 9:426-36; 1926. 

Ghyka, Matila C. The Geometry of Art and Life. New York: Sheed and Ward, 

1946. p. 124-72. 

Gugle, Marie. Dynamic symmetry. Journal American Ceramic Society 9:157-61; 

1926. ' 

GuCle, Marie. Dynamic symmetry. N. C. T. M. 3rd Yearbook, 1928. p. 57-64.- 

Hambidge, Jay. Dynamic Symmetry : The Greek Vase. New Haven: Yale Univer- ' 

- versity Press, 1920. 161 p. 

^ A pioneer among ipodern writers in this field. 

Hambidge, Jay. Dynamic symmetry: the Greek vase. American Journal of Archae- * ' > 

ology 25:18-36; 1921. 

Hambidge, Jay. -Dynamic Symmetry in Composition: As Used by the Artists. New * 

Haven: Yale University Press, 1923, 1948. 83 p. 

Hambidge, Jay. The Elements of * Dynamic Symmetry. New York: Srentano’s, 

1926. Yale University Press, 1948. 133 p. 

Hambidge, Jay. Greek design. Journal American Institute of Architects 8:288-95; 

1920. 

Hambidge, Jay. The Parthenon and Other Greek Temples and Their Dynamic 
Symmetry. New Haven: Yale University Press, 1924. 103 p, 

Hambidge, Jay. Practical Applications of Dynamic Symmetry. New*Haven: Yale 
University Press, 1932. 109 p. 

Hambidge, Jay. Symmetry and proportion in Greek art. American Architecture 
116v:597-605; 1919. 

Hoadley, E. C. Dynamic symmetry and art education. School Arts Magazine 24: 

304-309;' 1925. 

Hogan, G. F. Dynamic symmetry for photographers. American Photography 29: 

476-80; 1935. 

Kimball, R* Dynamic symmetry in design. Industrial Arts Magazine 13 : 222 - 24 ; 

423; 1924. 

Kimball, R. Dynamic symmetry in Nature. Industrial Arts Magazine 14:68-69; 

1925. , . 

i u . ‘ « 

La Fleur, W. J. Dynamic symmetry in pier design. Concrete 56:6-10; May 1948. 

Law, Bernadine. Some mathematical considerations of dynamic symmetry under- 
lying visual art. 77ie Pentagon 13:7-17; 1953. * 

Satterly, John, Meet Mr, Tau. S. S. M. 56:731-41; 1956. 

A stimulating discussion of the pentagon, icosahedron, dodecahedron, dy- 
namic symmetry, and ‘related matters. 

Southwick, A. A. Dynamic symmetry. American Architecture 121:54-57; 1922. 

“Square-root Spiral Curve.” Industrial Arts and Vocational Education 38:301; 
September 1949. 
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Swartout, E. Greek proportions theoretically and otherwise. American Archi- 
tecture 120:379-83; 1921. 

Van Dyck, A. Dynamic symmetry in radio design. Proceedings, Institute of Radio 
Engineers 20:1481-1511 ; 1932. 

Warington, A. and Welo, S. Dynamic symmetry in advertising layout. Inland 
Printer 98:69-72; 1937. 

Warington, A. and Welo, S. Use of dynamic symmetry. Inland Printer 97:52- 
54; 1936. 



8.8 The Golden Section 



Just as the Pythagoreans first showed the relation of number to tone in- 
tervals in music, so it was also the Greeks who first claimed that there was 
always some law of number that was applicable to creations of nature and 
art, and which explained the beauty of such creations. One of the most 
notable of these laws is the Law of the Golden Mean, or the Golden Section, 
The law appears in many forms. In geometry it arises from the division 
of a given line segment into mean and extreme ratio, i.e., into two parts, a 
d h 

and 6, such that g — - — g , where a < b. This proportion was called 
the “Divine Proportion” by Luca Pacioli. By setting x = — , we have 



, _ A . _1 ± V5 rpu ... 1 + V'5 , 

1 — 0, or x — . Ihe ratio, — L ? — ^ - — • = 1. 



618 



or 



/ X X 

<I>, is known as the “golden number”; the ratio — = 0.618 

_ 2 <f» 

n/5 4- 3 

. . . , and the ratio = = <& 2 = 2.618 .... are all intimately related. 



As one pursues the ramifications of the Golden Section one encounters a 
variety of mathematical interrelationships: the pentagram and the regular 
decagon, Fibonacci numbers, continued fractions, dynamic symmetry, and 
so on. 

The Golden Mean appears at many unexpected turns. In Nature, among 
various plant and animal forms, we find phvllotaxy in leaves, pentagonal 
symmetry in flowers and marine animals, and pentadactylism in vertebrates. 
In the proportions of the human body the Golden Mean is again to be found. 
Man has employed the same principle in the creative arts, as seen in the 
dynamic symmetry of early Greek vases and statues, in classical Renaissance 
paintings, and in various aspects of contemporary design, including “lay- 
outs” in the printing and advertising crafts. For ex ample , the majority of 
people consider the most aesthetically pleasing rectangular shape, that rectan- 
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gle whose sides are in the approximate ratio of 8:5 ^ — 
or 3:5 (4> = 0.618 . . .). 



= 1.618 
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Ackerman, E. C. The G'olden Section. Am. M. Mo. 2:260; 1895. 

Archibald, R. C. The Golden Section. Am. M. Mo. 25:232-35; 1918. 

Baravalle, H. Die Geometric des Pentagrammes und der Goldene Schnitt. Stutt- 
gart: Waldorf Verlag, 1932. 

Baravalle, H. The geometry of the pentagon and the Golden Section. M. T. 41: 
22-31; 1948. 

Beard, Robert S. The Golden Section and Fibonacci numbers. Scrip. M. 16:116- 
19; 1950. 

Bell, E. T. The golden and platinum proportions. N. M. M. 19:20-26; 1944. 

Bennett, A. A. The most pleasing rectangle. Am. M. Mo. 30:27-30; 1923. 

Bodenstedt, H. Bemerkung zur Sectio aurea. Z. M ,N. U. 35:309; 1904. 

Bragdon, Claude. The Frozen Fountain. New York: Alfred Knopf, 1932. 

Butler, K. Der goldene Schnitt und dessen V orkommen in Natur und Kunst. 
Schulprogramme Zug, 1889. 

Cavallero, Vincenzo. Nuove ricerche sulla genesi della sezione aurea. Bollettino 
di Matematica, No. 2-3. 1926. 

Coxeter, H. S. M. The Golden Section, phyllotaxis, and Wythoff’s game. Scrip. 
M. 19:135-43; 1953. 

Emsmann, G. Ober die sectio aurea. Schulprogramme Stettin: 1874. 

Engelhardt, Rudolph. Der goldene Schiiitt im Buchgewerbe; eine buchgewcr- 
bliche Harmonielehre fiir Buchdrucker und Buchgewerbler. Leipzig: J. 
Maser, 1922. 282 p. 

Golden Section from printer’s viewpoint; more than 350 figures; many 
plates. 

» V- 

Fehr, Howard. Teaching for appreciation of mathematics. S. S. M. 52:19-24; 
1952. • ♦ 

Allusions to the Golden Section and related ideas. 

Funck-Hellet, CH. Les oeuvres peintes de la renaissance italienne et le nombre 
d’or. Paris: Librairie Le Frangois, 1932. 55 p. 

Discussion of proportion and use of the Golden Section in painting and 
art. • 

Gaudet, C. Golden measure and Greek art. Spectator 124:235-36; 1920. 

Ghyka, Matila C. The Geometry of Art and Life. New York: Sheed and Ward, 
1946. p. 7-19. 

Ghyka, Matila C. Le nombre d’or; rites et rythmes pythagoriciens dans le 
developpement de la civilisation occidentale. (2 YoT. in 1). Paris: Gallimard, 
Editions de la Nouvelle Revue Frangaise, 1931. 
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Sequel to “Esthetique des Proportions dans la Nature et dan les Arts.” 
Discussion of symbolism of numbers and Pythagorean number philosophy; 
rhythm in art; the Golden Section. * 

“Golden Mean in Art and Nature.”, Literary Digest. 98: 22-23 ; 1928. 

Goringer, A. Der goldene Schnitt ( gottliche Proportion) und seine Beziehung 
zunumenschlichen Korper, usw. Miinchen: 1893. ^ 

Graesser, R.'F. The Golden Section. The Pentagon 3:7-19; 1943-44. 

Hagen, F. W. Der goldene Schnitt in seiner Amvendung. Leipzig: Engelmann, 
1857. 

Hagge, K. Besondre Dreiecke, die mit dem Goldenen Schnitt in Beziehung stehen. 
Z. M. N. U. 41:21+ 1910. 

Hagge, K. Zum Goldenen Schnitt. Z. M. N. U. 36:498+ ; 1905. 

Joseph, Margaret. Golden Section compasses. M. T. 47:338-39; 1954. 

Kalbe, 0. Der goldene Schnitt. Hanover: Ost, 1890. 

Matthias, J. Die Regel vom goldenen Schnitt irn Kunstgewerbe. Leipzig: Hassel, 
1886, 

National Council of Teachers of Mathematics. Seventeenth Yearbook. A 
Source Book of Mathematical Applications. New York: Bureau of Publica- 
tions, Teachers College, Columbia University, 1942. p. 183-87. 

Niebel, W. Beitrag zur asthetischen Bedeutung des Goldenen Schnittes. Z. M. 
N. U. 60:249+ ; 1929. 

. Noetling, Fritz. Die kosmischen Zahlen der Cheopspyramide, der mathematische 
Schliissel zu de neinheits-Gesetzen im Aufbau des Weltalls, berechnet von 
Dr. Fritz Noetling. 4 Aufl. Stuttgart: E. Schweizerbart, 1921.’ 

Relation of the Golden Section to cosmology. 

Northrop, E. P. Riddles in Mathematics. New York: Van Nostrand, 1944. p. 52- 
55. * 

Pacioli, Luca. Divina Proportione. Die Lehre vom goldenen Schnitt. Nach der 
Venezianischen Ausgabe vom Jahre 1509 neu herausgegeben, ubersetzt und 
erlautert von C. Winterberg. Wien: Graser, 1896. 

Pacioli, L. Divina Proportione. Venice: 1509: Buenos Aires: 1946. 

Pfeifer, F. X. Der goldene Schnitt und dessen Erscheinungsform in Mathematik, 
Naturwissenschaft und Kunst. Augsburg: Huttler, 1885. 13 plates. 

Schottler. Vber eine mit dem goldenen Schnitt in V erbindung stehende Kreis- 
gruppe. Schulprogramme Giitersloh: 1857- ^ 

Sonnenburg, L. Der goldene Schnitt. Beitrage zur Geschichte der Mathematik 
und ihrer Anwendungen. Schulprogram Bonn: 1881. 

Thompson, Darcy W. On Growth and Form. New York: Macmillan, 1943. 

Timerding, Heinrich C. F. E. Der goldene Schnitt. Leipzig und Berlin: Teubner, 
1919, 1929, 1937. 57 p. 

Wiegand, A. Der allgemeine goldene Schnitt und sein Zusammenhang mit der 
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Wittstein, Theodor L. Der goldcne Schist. Hannove^: Hahn v 1874. </ 

/rising, A. Der goldcne Schnitt, Leipzig: Engelmann, 1884.' v * 

/rising, A. None Lchrcn von den Proportional dcs mcnschlicken Korpers aus / . 
einern bisher unbekannt geblicbenen und die ganze Natur Whd Kunst^ durch- 
dringenden Grundgesetze. Leipzig: 1854. 

8.9 Mathematics and Music 

“Music is the pleasure the human soul experiences from counting without 
being aware that it is counting.” — Leibnitz 

“Mathematics is the music of Reason. The musician feels Mathematics,, 
the mathematician thinks Music.” — J. J. Sylvester 

“Mathematics and Music, the most sharply contrasted fields of scientific 
activity, are ypt so related as to reveal the secret connection binding together 
all the activities of our mind.” — Helmholz 

“It is not surprising that the greatest mathematicians have again and again 
appealed to the arts in order to find some analogy to their own work. They 
have indeed found it in the most varied arts, in poetry, in painting, and in 
sculpture, although it would certainly seem that it is in music, the mosl 
abstract of all the arts, the art of number and of time, that we find the 
closest analogy.”— Havelock Ellis 

“La musique est au temps ce que la geometrie est a l’espace.” 

- — Francis Warrain 

•Altshiller-Court, N. Mathematics and esthetics. S. S. M. 30:31-32; 1930. 
Archibald} R. C. Mathematics and music. Am. M. Mo. 31:1-25; 1924. 
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Press, 1953 ; The sine of C major, p. 287-303. 
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und physiologisch-psychologischen Bedingungen. Leipzig: Teubner, 1927. 

Peters, I. Die mathematischen^jind physikalischen Grundlagen der Musik. Leip- 
zig ; Teubner, ^924. 

RAnkin, W. W. .The cultural value of mathematics. ‘M. T. 22:215-23; 1929. 

Schillinger, Joseph. The Mathematical Basis of the Arts. New York: Philosoph- 
ical Library, 1948. 696 p. 

Very elab&rate treatise, dealing with the graphic arts as well as with 
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music. - „ . 

Schrade, L. Music in the philosophy of Boethius. Music Quarterly 33:188-200; 
April 1947- " * 
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Mechanics 86:163; November 1946. ' 
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Smith, D. E. Esthetics and mathematics. M.T. 20 :4l9-28 ; 1927. 

Smith, D. Ei Relation of music to mathematics. Teachers College Record 28': 664- 
68; March 1927. 1 
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19. 
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9.1 Books and Pamphlets 



Adams, John Paul. W e Dare You To Solve This! New York: Berkley Publishing 
Co., 1957. 123 p. (Paper) 

Some conventional, many original puzzles. 



Adler, Irving. Magic House of Numbers. New York: New American Library, 
1957: 123 p. (Paper) 

Reprint of a work originally published by John Day, 1957. 

Adler, Irving. Thinking Machines. New York: John Day, 1961., 189 p. 

Popular exposition of the operation of electronic computers. 



Andrews, W. S. Magic Squares and Cubes. New York: Dover Publications, i960. 
419 p. (Paper) 

Republication of a classic work first published by Open Court Publishing 
Co., in 1=917. 



Anonymous. The Little Puzzle Book. Mt. 'Vernon, N. 

62 p. 



Y. : Peter Pauper Press, 1955. 



Ball, W. W. R., et al. String Figures and Other Monographs. New York: Chelsea 
Publishing Co., 1960. 72 + 102 + 179 + 136 p. 

Four monographs bound in one; also contains J. Petersen: Methods and 
Theories for the Solution of Problems of Geometrical Constructions ; H. S. 
Carslaw; N on-Euclidean Plane Geometry and Trigonometry; F. Cajori: 
A Hi.story of the Logarithmic Slide Rule. 



Bell, E. T. The Last Problem. New York: Simon and Schuster, 1961. 308 p. 

Discussion of Fermat’s last problem, with many entertaining historical side- 
lights. 



Borissavelievitch, M. The Golden Number and the Scientific Aesthetics of 
Architecture. New York: Philosophical Library, 1958. 96 p. 



Brandes, Louis G. An Introduction to Optical Illusions. Portland, Me.: J. Weston 
Walch, 1956. (Unpaged) * 

Cardano, Gerolamo. The Book on Games of Chance. (English translation by 
S. H. Gould) New York: Holt, Rinehart and Winston, 1961. 57 p. 

Carnahan, Walter H. Mathematics Clubs in High Schools. Washington, D. C. : 
National Council of Teachers of Mathematics, 1958. 32 p. (Pamphlet) 

Carroll, Lewis. (C. L-Dodgson) . M athematical Recreations of Lewis Carroll . , 
Vol. T: “Symbolic Logit;” and “The Gaihe ot Logic.” (2 books bound as 1) 
New York: Dover Publications, 1958. 199 + 69 p. ' 

The first book consists of- some 400 logical problems involving syllogisms and 
sorites. 
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Carroll, Lewis. (C. L. Dodgson). Mathematical Recreations of Lewis Carrolh 
Vol. '2: “Pillow Problems” and “A Tangled Tale.” (2 books bound as 1) 
New York: Dover Publications, 1958. 109 + 152 p. 

“Pillow Problems” is a classical collection of 72 sophisticated “brainteasers.” 

Collingwood, Stuart Dodgson (editor). Diversions and Digressions of Lewis 
1 Carroll. (Formerly titled The Lewis Carroll Picture Book.) New York: 
Dover Publications, 1961. 375 p. Chapter 5: Curiosa Mathematica; Chapter 
6: Games and Puzzles. _ 

Davis, Philip J. The. Lore, of Large Numbers. Syracuse, N. Y.: L. W. Singer Co., 

1961. 165 p. (Paper) 

Delens, P. Problemes iT arithmetique amusante. 4th' edition. Paris: Vuibert, 1948. 
164 p. (Paper) 

New edition of a classic, work. 

Disney, Walt. Donald, in Mathmagic Land. New York: Dell Publishing Co., 750 
Third Ave., 1959. 32 p. (Paper, No. ip51) 

Dudeney, H. E. Amusements in Mathematics. New York: Dover Publications, 1958. 
258 p. (Paper). * 

' A reprint of the original edition of 1917. - , 

Dumas, Enoch. Arithmetic Games. San Francisco, Calif.: Feron Publishers, 1960. 
56 p. (Paper) „ , 

Dynkin, E. B. and Uspenski, W. A. Mathematische Unterhaltungen. I. Mehrfarb- 
enprobleme. Berlin, 1955. 65 p. ' 

Fadiman, Clifton. Fantasia Mathematica. New York: Simon and Schuster, 1958. 
298 p. 

A collection of humorous stories and diversions related to mathematics. 

Fadiman, Clifton. The Mathematical Magpie. New York: Simon and Schuster, 

1962. 300 p. 

A delightful collection of humor about mathematics: aphorisms, apothegms, 
anecdotes, poems, limericks, cartoons, essays, and curiosa. 

Ferrier, A. Les nombres premiers. Paris, 1947. 110 p. 

Friend, J. Newton. More Numbers: Fun and Facts. New York: Charles Scrib- 
ner’s Sons, 1961. 201 p. 

Frohlichstein, Jack. Mathematical Fun, Games, and Puzzles. New York: Dover 
Publications, 1962. 306 p. (Paper) ' 

Considerable material dealing with percentage, business arithmetic, meas- 
urement, etc. * . 

Gamow, George And Stern, Marvin. Puzzle-Math. New York: Viking, 1958. 
119 p. 

Many old-time puzzles dressed up in smart new clothes. 

Gardner, Martin. Logic Machines and Diagrams. New York: McGraw-Hill, 1958. 
157 p,. (Paper) 

Gardner, Martin (editor). Mathematical Puzzles of Sam Loyd. New York: Dover 
Publications, 1959. 167 p. (Paper) •.••••*• 

- More than 100 puzzles from Loyd’s famoiis Cyclopedia of Puzzles. 

Gardner, Martin (editor). Mathematical Puzzles of Sam Loyd. Vol. 2. New 
York: Dover Publications, 1960. 175 p. (Paper) 

Companion volume to the above. 
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Gardner, Marti N^dkgScientific American Book of Mathematical Puzzles and 
Diversions. New YoHvKSimon and Schuster, 1959. 178 p. 

Sophisticated essays^n mathematical recreations, with considerable new 
material. \ 

Gardner, Martin. The Scientific American Book of Mathematical Puzzles and 
Diversions. Vol. 2. New York: Simon and Schuster, 1961. 251 p. 

Companion volume to the above; many new diversions, such as tetraflexa- 
gons, Soma cubes, topology, Origami, etc. 

Graham, L. A. Ingenious Mathematical Problems and Methods. New York: Dover 
Publications, 1959. 237 p. (Paper) 

Collection of 100 puzzles contributed by scores of mathematicians to an 
industrial- magazine over a period of 18 years. 

Heafford, Philip. The Math Entertainer. New York: Emerson Books, 1959. 176 p. 
American edition of the book published by Hutchinson of London. 

Heajford, Philip. Mathematics for Fun: A Quiz Book. London: Hutchinson & 
Co., 1957. 176 p. 

Fifty short quizzes dealing with mathematical miscellania, ’including his- 
' torical material. „ 

Huff, Darrell. How To Take a Chance. New York: W. W. Norton, 1959. 

. , . Humorous commentaries on the lciws of chance. » 

Hunter, J. A. H. Figurets: More Fun with Figures. New York: Oxford Univer- 
sity Press, 1958. 116 p. 

r *r 

Jayne, Caroline Furness. String Figures and How To Make Them. New York: 
Dover Publications, 1906, 1962. 407 p. (Paper) 

Johnson, Donovan. Paper Folding for the Mathematics Class. Washington, D. C.: 
National Council of Teachers of Mathematics, 1957. 36 p. 

Johnson, Donovan and Glenn, W. H. Fun with Mathematics. St. Louis, Mo.: 
Webster Publishing C^J960. 43 p. (Pamphlet) — 5 

Johnson, Donovan and GWvn, W. H. Number Patterns. St. Louis, Mo.: Webster 
Publishing Co., 1960. 47 p. (Pamphlet) 

Johnson, Donovan and Glenn, W. H. The Pythagorean Theorem. St. Louis, Mo.: 
Webster Publishing Co., 1960. 48 p. (Pamphlet) 

Johnson, Donovan and Glenn, Wm. H. Topology: The Rubber Sheet Geometry. 
St. Louis, Mo.: Webster Publishing Co., 1960. 40 p. (Pamphlet) 

Kempner, A. J. Paradoxes and Common Sense. Princeton, N. J.: D. Van Nostrand 
Co., 1959. 22 p. (Pamphlet) 

Knott, C. G. (Trans.) Tom Tit: Scientific Amusements.' 1918. 413 p. (Scarce) 

Kostovskii, A. N. Geometrical Constructions Using Compasses Only. New York: 
Blaisdell Publishing Co., 1961. 79 p. (Paper) 

Lancman, Harry. Play Mathematics. New York: Hafner Publishing Co 1962 

216 p. 

A fresh approach to mathematical recreations. 

Lasker, Edward. Go and Go-moku. The Oriental Board Games. New York - Dover 
Publications, 1960. 215 p. (Paper) " — ' . . 

Litton I ndustri es^ l^e. M ^^^oMemntkal-Recreations. Beverly Hills, Calif. : 
Litton Industries, n.d. 45 p. (Pamphlet) 



SUPPLEMENT 



147 



Litton Industries, Inc. Problematical Recreations. Beverly Hills. Calif.: Litton 
Industries, Inc., n.d. 55 p. (Pamphlet ) 

Longley-Cook, L. H. 'Work This One Out: A Rook of Mathematical Problems. 
London: Ernest ,Benn, Ltd. 1960. 95 p. 

Over 100 problems and puzzles, many of them new. 

Marriott, Richard. Geometrical Drawing for Student's. London: Methuen & 
Co., 1958. 112 p. (Paper) 

Maxwell, E. A. Fallacies in Mathematics. New York: Cambridge University Press, 
1959. 95 p. 

Interesting fallacies in geometry, algebra, and calculus, together with their 
explanations. 

Menninger, Karl. Ali Baba und die 39 Kamele. Gottingen: Vandenhoeck & 
Ruprecht, 1955, 1958. 108 p. (Paper) « * 

Humorous sketches about numbers, by the distinguished author of Zahl- 
worjt und Ziffer. 

Meyer, Jerome S. Fun With Mathematics. New York: Fawcett, 1957. 176 p. 
(Paper), 

Reprint of an earlier edition, suitable for high school pupils. 

Mordell, L. J. Three Lectures on Fermat's Last Theorem. New York: Macmillan. 
1921. 31 p. (Scarce) 

Murray, William and Rigney, Francis. Paper Folding J r on Beginners. New York: 
Dover Publications, 1960. 95 p. (Paper) 

A revision of Fun With Paper Folding, F. H. Revell Co., 1928. 

Ore, Oystein. Cardano: The Gambling Scholar. Princeton, N. J.: Princeton Uni- 
versity Press, 1953. 249 p. 

Peck, Lyman. Secret Codes, Remainder Arithmetic, and Matrices Washington, 
D. C. : National Council of Teachers of Mathematics,- 1961. 54 p. (Pamphlet) 

Phillips, Hubert (.“Caliban ”). ~My Best Puzzles in Logic and Reasoning. New 
York: Dover Publications, 1961.. 107 p. 

An excellent collection of “logic problems,” almost all original. 

Phillips, Hubert (“Caliban”). My Best Puzzles in Mathematics. New York: 
Dover Publications, 1961. 107 p. (Paper) 

Phillips, Hubert (“Caliban”). Problems Omnibus. Vol. 1 and 2. London: Arco 
Publications, 1960. 

Some 300 problems, mostly new. 

Phillips, Hubert The Sphinx Problem Book. London: Faber & Faber, 1934. 
207 p. 

One hundred intriguing puzzles. 



Phillips, Hubert; Shovelton, S. T.;and Marshall, G.S. Caliban's Problem 
Book: Mathematical, Inferential, and Cryptographic Puzzles. New York:, 
Dover Publications, 1961. 180 p. (Paper) 

A republication of the well known book which first appeared in 1933. 

Pratt, F letch er. Seer et and Urgent; ths Story of Codes and Ciphers, New- York: 
- - Blue Ribbon Books, 1942. 282 p. 

Randlett, Samuel. The Art of Origami: Paper Folding, Traditional and Mod- 
ern. New York: Dutton, 1961. 
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Ravielli, Anthony. An Adventure in Geometry. New York: Viking Press, 1957. 
117 p. 

An essay in appreciation rather than recreations; engagingly illustrated. 

Reinkeld, Don and Rice, David. 101 Mathematical Puzzles and How To Solve 
Thenu New York : Sterling' Publishing Co., 1960 (Paperback edition: Cor- 
nerstone Library, New York, 1960). 123 p. 

A collection consisting chiefly of arithmetic and algebraic story problems. 

Sainte-Lague, A. Avec des nombres et des lignes. 3rd edition. Paris: Vuibert, 
1946. 358 p. 

Sakade, Florence. Origami: Japanese Paperfolding. Rutland, Vt.: Charles E. 
Tuttle Co., Book I, 1957, 32 p.; Book II, 1958, 32 p.; Bbok III, 1959, 32 p. 
(Paper) . 

Beautifully illustrated, in color. 

Salkind, Charles T. The Contest Problem Book. Syracuse, N. Y. : L. W, Singer 
Co., 1961. 154 p. (Paper) 

Scarne, John. Scarne on Teeko. New York: Crown Publishers, 1955. 256 p. 

A game played on a 5^X 5 board, somewhat on the order of “Go. ” 

Schubert, Hermann and Fitting, F. Mathematische Mussestunden. 11th edition. 
Berlin: W alter doCruyter & Co., 1953. 271 p. 

Conventional collection of mathematical reactions, but ever popular. 

Shepherd, Walter. Mazes and Labyrinths. New York: Dover Publications, 1961. 
(Paper) , 

Originally published by- Penguin Books under the title For Amazement 
Only. Collection of 50 mazes. \ 

Skotte, Ray and Magnuson, Yngve. Math Fun. Minneapolis, Minn.: The au- 
thors, 6380 Monroe Street, 1959. 88 p. (Paper) ▼ 

Smith, Lawrence D. Cryptography. New York: Dover Publications, 1955. 164 p. 
Sperling, Walter. Auf du und du mit Zahlen. Zurich : Albert Muller Verlag, 
AG., 1955. 114 p. 

Number curiosities, number games, and short cuts in computation. 

Vorob’ev, N. N. Fibonacci Numbers. New York: Blaisdell Publishing Co., 1961. 
66 p. "(Paper) 

Wallace, Carlton. The Treasury of Games and Puzzles. New York: Philosophical 
Library, 1958. 256 p. 

Williams, W. T. and Savage, G. H. The Strand Problems Book; A Modern An- 
thology of Perplexities and Tantalizers. Ldpdon: George Newnes, Ltd., n.d. 
159 p. 

i One hundred inferential and mathematical problems. 

9.2 Classified Periodical References 

A. Projects, Programs, Plays 

Cecilia, Sister Margaret, Mathmatics projects. M. T, 54j527-30; November 
1961. 

Gives suggestive list of 100 topics for projects or mathematics club pro- 
grams. 
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Gray, Mrs. J. T. Historically speaking. S. S. M. 52:345-56; 1952. 

A play about the development of zero, weights, measures, and time; suit-^ 
able for intermediate and junior high school grades. 

Johnson, Donovan. Panel games. M. T. 52 : 130-31 ; Februa ry 1959. Using 
“Twenty-Questions” and “What’s My Line?” techniques. 

Slaught, H. E. The evolution of nilmbers: a play. R. M. M., No. 9:3-10; June^l962. 
Reprint of a well-known play based on mathematical history. 

Willerding, Margaret. Dramatizing mathematics. S. S. M. 60:90-104; 1960. 
Extensive bibliography on mathematical plays. 

B. Humor 

McClellan, John. Recreations for space travel. R. M. M., No. 7:7-11; February 
1962. 

Humor and spoofing, but suggestive. 

Petard, H. A contribution to the mathematical theory of big game hunting. 
R.M. M., No. 5:14-17; October 1961* 

Sophisticated humor. 

Willerding, Margaret F. Mathematics through a looking glass. Script. M. 25: 
209-19; 1960. 

Delightful account of mathematical allusions in “Alice in Wonderland,” etc. 

Winthroi*, Henry. A devil’s dictionary for higher education. R. M. M., No. 9:12- 
15; June 1962. 

Humorous skit on definitions of mathematical terms. 

C. Tricks, Puzzles, and Games 

<» ...... ... 

Amir-Moez, Ali R. Mathematics and cards. R. ,M. M., No. 8:40-42; April 1962. 
About card games. 

Anderson, Jean H. Polyominoes — the “twenty” problem. R. M. M., No. 9:25-30; 
June 1962. 

Gardner, Martin. Mathematical games: how to remember numbers by mnemonic 
devices. Sci. Am. 197:130 ff . ; October 1957. 

Gardner, Martin. Mathematical games; nine titillating puzzles. Sci. Am. 197-140 
ff. ; November 1957. 

Gardner, MARTiN^fMathematical games: more abodt complex dominoes. Sci. Am. 
197:126 ff.; December 1957. 

Gardner, Martin. Mathematical games: a collection of tantalizing fallacies. 
Sci. Am. 198:92 ff.; January 1958. 

Golomb, Solomon W. The general theory of polyominoes. R. M. M., No. 4:3*12 ; ' 
No. 5:3-12: No. 6:3-22; No. 8:7-16. August, October, December, 1961; April 
1962. 

Johnson, Donovan. Bridget, an algebra card game. M. T. 51:614-15; .December 
1958. 

Johnson, Donovan. Mathematics rummy”. M. T. 52:373-75; May 1959. 

A card game. 

Langman, Harry. A problem in checkers. Script. M. 20:206-208; 1954. 

Describes a game of solitaire with checkers. 
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Manheimer, Wallace. A club project’ in a modern use of mathematics. M. T. 
50:350-55; May 1957. 

Cards tricks, Nim, and related recreations. 

Me G r a i l7. w'iTlTa Rt~FT. ’"D eployment. R~. M .~M7~No. 6:41-42 ^December 1961. 

A game for two. played on a matrix of 25 squares. 

« 

D. Alphametics, Cross-Number Puzzles, Palindromes, Etc. 

Anning, Norman. Fun witli palindromesT Script. M. 22:227 ; 1956. 

Brandes, L. G. and Dickey, D. Why not use cross-number puzzles as a teaching 
aid with your general mathematics classes? S. S. M. 57:647-54; 1957. 
Bibliography of 26 references. 

Kravitz, Sidney. The art of solving mtiltiplication type alphametics. R. M. M., No. 
2:9-16; April 1961. 

Lindon, J. A. Word cubes and 4-D hypercubes. R. M. M. No. 5:46-49; October 
1961. 

Nygaard, P. H. Can you solve a dictoform? S. S. M. 49:6-8; 1949. 

Willerding, Margaret. Roman' numbers puzzle. School Activities 26:183; Febru- 
ary 1956. 

Willerding, Margaret. Cross-number puzzles. The Arithmetic Teacher. 4:221, 
223, 226; November 1957. 

, E. - Calendar Problems 

A Calendar Square, Trick. The Pentagon 18:49-50; Fall, 1958. 

Case, John J. Seasoning for the calendar, Science -122 :648; October 7, 1955. 
Kessler, Donald. How to use the perpetual calendar. M. T. 52:555-56; November 
1959. 

Kravitz, Sidney. The Christian, Mohammedan, and Jewish calendars. R. M. M., 
No. 4:22-25 ; August 1961. ^ 

Leo, Reverend Brother. A mentaf'ealendar. M. T. 50:438-39; 1957. 

Primrose, E. J. F. The mathematics of Easter. M. Gaz. 35 :225 ff. ; December 1951. 
Thornton, Glenn W. The calendar. The Pentagon 17:10-15; 1957. 

When Is Easter? M. T. 50:310; 1957. 

F. Arithmetic Recreations 

Alfred, Brother. Fun, counting by sevens. R. M. M., No. 3:10-15; June 1961. 
Alfred, Brother. The world of large numbers. R. M. M ^ No. 4:28-33; August 
1961. . 

Andrews, F. Emerson: Counting by dozens. R. M. M., No. 3:5-9; June 1961. 
Byrkit, Donald. The monkey and the cocoanuts. S. S. M. 62:38-41; January 1962. 
Cultur. A nn. You too can be a mathematical genius. Esquire , J anu ary 1957, pp. 

’ " ‘ 58 , ii 9 - 2 o. " "vr;.” n _z:_ — " . 

Allusion to the Trachtenberg system. 

Greenblatt, M. H. A solution for certain types of partitioning problems. M. T. 
54:556-57; November 1961. 

Measuring 2 quarts with only a 7-quart and an 11-quart jug. 
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Haga, Enoch. Square-off at squares and cubes. S. S. M. 60:122-26. 

Shortcuts to determine squares and cubes, square roots and cube roots. 
Hunter, J. A. H. Number systems for fun. R. M. M., No. 3:3-4; June 1961. 
Matthews, Geoffrey. Inflation in the world of numbers. Scrip. M. 22:227; 1956. 

Mosteller, Frederick. Understanding the birthday problem. Al. T. 55:322-25; 
May 1962. 

SpTTttN, Richard. The “Steinmetz problem” and school arithmetic. M. T. 50:434- 
35; 1957. 

G. Number Curiosities 

Amir-Moez, Ali R. Discipline in numbers — a way to stimulate the gifted. S. S. M. 
59:599-600; 1959. 

Glodkn, Albert. Identities in which the exponents of the terms are in A.P. Scrip. 
M. 22:221; 1956. 

Grunbaum, Hugo. Inflation in the world of numbers. Scrip. M. 22:206; 1956. 

Iyer, R. V. On sums of squares of consecutive numbers. Scrip. M. 22:270-73; 
1956. 

Iyer, R, V. Triangular numbers and Pythagorean numbers. Scrip. M. 22:286-88; 
1956. 

Kennedy, Evelyn M. The shapes of numbers. R. M. M., No. 9:39-43; June 1962. 
Polygonal numbers. 

Khatri, M. N. Minor curiosities. Scrip. M. 22:216; 1956. 

Khatri, M. N. Number curiosities: triangular numbers. Scrip. M. 22:284; 1956. 

Triangular numbers and squares, sums of consecutive triangular numbers, 
multigrade properties of triangular numbers. 

Moessner, Alfred. Minor curiosities. Scrip. M. 22:280; 1956. 

Ransom, William R. Sums of cubes. R. M. M., No. 2:49; April 1961. 

Trigg, Charles W. Playing with 1962 and its digits. R. M. M., No. 7:37-40; 
February 1962. 

Number curiosities and pleasantries. 

Trigg, Charles W. Terminal digits of mn (m 2 — n 2 ) in the scale of seven. R. M. M., 
No. 3:17-20; June 1961. 



H. Theory of Numbers 

• Gould, H. W. and Landau, Remy. Floating primes. R. M. M., No. 8:34-35; 
April 1962. 

Hawkins, David. Mathematical sieves. Sci. Am., December 1958, pp. 105-12. 

Problem of identifying prime numbers. * 

Hunter, J. A. H. That “remainder” business. R. M. M., No. 7:3-5; February 
1962. 

Theory of numbers. 

Kravitz, Sidney. Mersenne numbers. R. M. Ig. , No. 8:22-24; April 1962. 

McCarthy, Paul J. Odd perfect numbers. Scrip. M. 23:43-47; 1957. 

Bibliography, 30 references. — • — 

The Mersenne primes, the Robinson primes, the 19th and 20th perfect numbers. 
R. M. M., No. 8 : 25-31 ; April 1962. 
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Mock, Gordon. Prime power decomposition. M.T. 50:403-404; May 1957. 

Moser, Leo. On the theorems of Wilson and Fermat. Scrip. M. 22:288; 1956. 
Rosenthal, Evelyn. Perfect numbers in the binary system. M. T. 55:249-50; 
April 1962. 4 

I. Algebraic Recreations 

Brown, Alan L. Geometrical patterns in .Pascal’s triangle. Scrip. M. 22:273-74; 
1956. • 

Couch, John. Mechanical solution of cubic equations. The Pentagon, 15:15-17, 
1955. 

Horner, W. W. Pascal and Fibonacci. R. M. M., No. 2:42-44; April 1961. 

Jorgenson, Paul S. Fun with graphs. M. T. 50:524-25; 1957. 

Graphing exercises which result in pictures. 

Larsen, Harold and Saar, Howard. One little, two little . . . R. M. M., No. 8:37- 
39; April 1962. 

Take-off on verbal problems in the mathematics classroom. 

Matthews, Geoffrey. The inequality of the arithmetic and geometric means. 
Scrip. M. 22:233; 1956. 

Ogilvy, C. Stanley. Geometric algebra. R. M. M. No. 3:37-39; June 1961. 
Rosenthal, Evelyn. A Pascal pyramid for trinomial coefficients. M. T. 54.336- 
38; May 1961. 

Schneider, Louis. Have pennies — will revel. R. M. M., No. 1:29-32; February 
1961. 

Interesting variation of the grains-of-wheat and checkerboard problem. 
Struyk, Adrian. Two notes on the binomial coefficients. M. T. 49:192-96; 1956. 

J. Geometric Recreations 

Amir-Moez, Ali R. Circles and spirals. R. M. M., No. 5:33-35; October 1961. 
Baucher, Carol. An adventure with spirals. The Pentagon 20:78-85; Spring 
1961. 

Spirals in nature and in art. 

Blake, E. M. A method for the creation of geometric designs. Journal of Aesthe- 
tics & Art Criticism, 1949, vol. 7. • , 

Brooke, Maxey, Dots and lines. R'. M. M., No. 6:51-55; December 1961. 
Geometric recreations. 

Buschman, R. G. Parquetry blocks. R. M. M., No. 5:19-23; October 1961. 
Clarkson, David. Taxicab geometry, rabbits, and Pascal’s triangle-^-discoveries 
in a sixth-grade classroom. The Arithmetic Teacher 9:308-13; October 1962. 
Dots and Squares. The New Jersey Mathematics Teacher 17:16-19, January 1960. 
McClellan, John. The bexahedra problem. R. M. M., No. 4:34-41; August 
1961. 

Ogilvy, C. Stanley. Conics by paper-folding. R. M. M., No. 1: 22-25; February 
1961. 

Oliver, Nina. Flying saucers; a project in circles. M. T. 44:455-57; 1951. 

Scheid, Francis. Square circles. M. T. 54:307-12; May 1961. 

Discussion of “taxicab geometry” and the “king’s walk.” 
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Sellers, Norman. The four-dimensional cube. The Pentagon 19:30-37; Fall 
1959. 

Wallin, Don. Similar polygons and a puzzle. M. T. 52:372-73; May 1959. 

K. Regular Polygons and Polyhedra 

McClellan, John. The construction of skeletal polyhedra. M. T. 55:106-11; 
February 1962. 

Pargeter, A. R. Plaited polyhedra— M. Gaz., May- 1959, pp. 88-101. 

Perisho, Clarence. Colored polyhedra: a permutation problem. M. T. 53:253-55; 
April 1960. 

Yates, Robert C. Regular polygons. M. T. 55:112-16; February 1962. 

I 

L. Pythagorean Theorem 

Eves, Howard. Pappus’ extension of the Pythagorean theorem, hi. T. 51:544-46; 
November 1958. 

Freitag, Herta and Arthur. Neo-Pythagorean triangles. Scrip. M. 22:122-31; 
June 1956. , ' • 

Gray, Nelson. Right triangle construction. M. T. 53.:533-36; November 1960. 
Pythagorean triples. 

Gruhn, E. W. Parabolas and Pythagorean triples. M. T. 52:614-15; December 
1959. 

Moshan, Ben. Primitive Pythagorean triples. M. T. 52:541-45; November 1959. 

Piwnicki, Frank. Application of the Pythagorean theorem in the figure-cutting 
problem. M. T. 55:44-51; January 1962. 

v 

M. Geometric Constructions and Dissections 

t 

Court, N. A. Mascheroni constructions. M. T. 51:370-72; May 1958. 

Cozens, W. H. Pythagorean dissections. R. M. M., No. 6:23-24; December 1961. 

Hallerberg, Arthur. The geometry of the fixed-compass. M. T. 52:230-44; April 
1959. 

* 

Hawley, Chester. . A • further note on dissecting a square into an equilateral 
triangle. M. T. 53:119-23; February 1960. 

Hawley,, Chester. An observation on dissecting the square. M. T. 51:120; 
February 1958. 

Hlavaty, Julius. Mascheroni constructions. M. T. 50:482-87; November 1957. 

Lindgren, Harry. Three Latin-cross dissections. R. M. M., No. 8: 18-19; April 
1962. 

Mathematics Staff, University of Chicago. Four more, exercises in cutting fig- 
ures. M. T. 51:96-104; February 1958. 

Continuation of a suggestive article on geometric dissections. 

Mind, Nev. R. A problem in construction of triangles. Scrip. M. 22:296; 1956. 
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N. Magic Squares 

Bicknkll, G. G. Mathematicarheredity. M. Mag.,- September-Oetober, I960, 1*1* 
23-28. 

Concerning diabolic magic squares. 

Brooke, Maxey. How to make a magic tesserack. R. M. M., No. 5:40-44: October 
1961. 

Chandler, Albert. Benjamin Franklin’s magic square of 16. Journal of th< - 
-Franklin Institute 251:415-22; 1951.;, 

Edwards, Ronald B. Three squares irfone. Scrip. M. 22:202; 1956. 

Feldman, Richard. Benjamin Franklin and mathematics. M. TV 52:125-27; Feb- 
ruary 1959. 

Concerning chiefly the 16 by 16 Franklin magic square. 

Gilbert, Jack. Minimum multiplying magic Squares. M. T. 53:325-31; May 1960. 

Heath, Royal V. Doubly magic squares. Scrip. M. 22:283-84; 1956. 

Horner, W. W. Addition-multiplication magic squares. R. M. M., No. 5:30-32 • 
October 1961. 

Kaprekar, D. R. A magic circle of cubes. Scrip. M. 22:281-82; 1956. 

Lindon, J. A. Anti-magic squares. R. M. M., No. 7:16-19; February 1962. 

Unique and original article. 

More Strictly for Squares. R. M. M., No. 7:14-15; February 1962. 

Magic squares and magic star. 

Strictly for Squares! R. M. M., No. 5 :24-29; October 1961. 

Includes magic squares composed of prime^numbers only. 

O. Classical Problems'*. Trisection, Duplication, 

Value of Jt, Zeno's Paradoxes 

Eves, Howard. The latest about jt. M.T. 55:129-30; February 1962. 

Leo, Reverend Brother. Angle trisection — an example of “undepartmentalized” 
mathematics. M. T. 52:354-55; May 1959. 

Mock, Alex J. Trisecting any angle. M. T. 52:245-46; April 1959. 

Jt Has Been Calculated to 100,265 Decimal Places. R. M. M., No. 8:20-21; April 
1962. 

_ * , * 

Pickett, Hale. Trisecting an angle. M. T. 51:12-13; January 1958. 

Read, Cecil B. Challenging the impossible. S. S. M. 62:79-82; February 1962. 

Angle trisection. 

Robusto, C. Carl. Trisecting an angle. M. T. 52:358-60; May 1959. 

Stokes,- G. D. C. Linkages for the trisection of an angle and duplication of the 
cube. Proceedings, Edinburgh Mathematical Society, December 1960, pp.‘l-4. 

Wrench, J. W. The evolution of extended decimal approximations to jt. M. T. 
53:644-50; December 1960. * 

Bibliography, 55 references. . 
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P. Logic Problems 

; Buchalter, Barbara. The logic of nonsense. M. T. 55 :330-33 ; May 1962. 

Delightful discussion of the logic in “Alice in Wonderland.” 

Giles, Richard. Building an electrical device for use in teaching logic. M. T. 
5 5 : 203 ^2 06 ; M a rch 1962. — 

Goodrich,. Ruth. Art analysis of some of the syllogisms found in “Alice in Won- 
derland.” The Pentagon 21:30-38; Fall 1961. 

■S> 

Hunter, J. A. H. Some-inferential problems. R. M. M., No. 1: 3-6; February 

1961. ' 

Solving problems in logic with Boolean algebra. 

Williams, Horace. Constructing logic puzzles. M. T. 54:524-26; November 1961. 

Q. Probability , 

Cohen, John. Subjective probability. Sci. Am.., November 1957, pp. 128-38. 

Graesser, R. F. The general dice problem. The Pentagon 18:67-69; Spring 1959. 

Gridgeman, N. T. Geometric probability and the number jt. Script. M. 25:183-95- 
1960. . s 

I I ^ 

Bibliography, 16 references. 

Mayo, Morrow. Will this system beat roulette? R. M. M., No. 9: 30-38; June 

1962. 4 . 

Moser, Leo. On a problem of Cayley. Scrip. M. 22 :289-92. 1956. 
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